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MECHANICS. 


IITTEODTJCTIOK. 

Mechanics is the science which treats of the effects 
of force, whatever may be the source or origin of 
that force. We are acquainted with two kinds of 
effects produced by force, viz., pressure and motion. 
For our knowledge of the first we are indebted to 
our muscular sense ; the latter is made known to us 
by two of our senses, sight and touch. Mechanics 
is, therefore, naturally divided into two branches, 
which treat respectively of these two effects of forces. 
iThe first branch of Mechanics, which treats of pres- 
||ure, is called Statics ; and the second branch, which 
treats of motion, is called Dynamics. We shall 
proceed, without further explanation or definition, 
to exhibit the elements of these two departments of 
Mechanics. 



STATICS. 


CHAPTEE I. 

ON FORCES MEETING AT A POINT. 

I, Direction of a Force. — 2. Magnitude of a Force. — 3. Representa- 
tion of Forces by Lines. — 4. Composition of Forces. — 5. I)u- 
chayk’s Proof of tUe Composition of Forces. — 6 . Tbo Principle 
of Moments. 

I. Direction of a Force. — In estimating the effects 
of a given force, there are two things to be considered : — 
first, its direction; and secondly, its magnitude. By 
' the direction of a force, we mean the line in which it 
tends to produce motion, and the force may be con- ^ 
ceived to act at any point of this line : as expo- f 
rience fully shows that the effect of a force, whether 
in producing pressure or motion, is the same at ^ 
whatever point in the line of its direction it is ap- 
plied. If, for example, a weight W he suspended b 
by a string from the point 0, it is found that the 
same force is req[uired to support it, wheiher it be Ic 
suspended at the point C, or,B, or A. 

/ 2 . Magnitude of a Force.— The magnitnde of a force 
lis estimated numerically by the weight it will counter- 
f poise,^ and in order to express this we select some unit 
of weight, such as a grain, a pound avoirdupois, a ton, 
&c. ; and then denote the magnitude of the force hy the 
number of units and decimal parts of a unit it will sus- 
tain. If, for example, a man's hand, acting at P, in 
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the direction OP, sustain a freight "W equal 
to I cwt 2 qrs. 15 lbs., then the force in 
the direction OP is said to be equal to 
183 lbs., or to 1.63392 ewt., according as 
the unit selected is a pound or a hundred 
weight. Having obtained its numerical 
value, we may then compare it with the 
forces produced by other causes, by first 
estimating these in a similar manner. 

3. Representation of Forces by Lines. — ^Forces may 
be represented geometrically by right lines, and this 
mode of representation has the advantage of exhibiting 
both direction and magnitude. Having selected a unit 
of length, such as an inch, a foot, &c., we draw a line 
in the direction of the given force, and then measure off 
a segment containing as many units of length as the 
given force contains units of weight. 

Thus, three forces acting at the point 
0 are represented in magnitude and di- y 

reckon by the lines AO, BO, OC, com 
taining, for example, as many feet as ] 

, there are pounds’ weight in the forces 
represented; while the arrow-heads in- 
dicate whether they act from or towards 
the point 0. ^ 

4. Composition of Forces. — ^If two forces act upon 

the same point of a body, it is always possible to find a 
single force, whose effect shall be the same as the com- 
bined efi*ects of the two given forces. This substitution i 
of one force for two others is called the composition of jl 
forces : the force substituted for and equivalent to thep 
other two is called their Resultant, and the two forces! 
are called the Components, J 

If the two forces act upon the same point, in the same 
^ line, their combined effect will be equal to the sum or diffe- 
renceofthe effects of the forces acting separately, according 
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as they tend to draw the point in the same or in opposite 
directions. 


Thus, if OA and OE represent two forces acting upon 
the point 0; in the first case, the ^ ^ ^ 

effect of the forces will be to draw ^ ^ ^ 

the body with a force equal to the sum, and in the se- 
cond case, with a force equal to the ^ 

difference, of the forces OA and OE. ^ 

If, however, the forces OA and OB, instead of acting 
in the same line, act upon the point 0 in two different 
directions, then their combined effect is the same as that 
of a single force 00, whose magnitude and direction are 
found by the following Proposition : — 


PEOPOSmON I. THEOEEM. 


If two forces^ represented in magnitude and 
Idirection bg the lines OA and OB, act together 
\upon the same point 0, their combined effect is 
\the same as the ffect of a single force OC, b 

t dtich is represented in magnitude and direc- 
ion bg the diagonal of the parallelogram formed 
g drawing BC and AC parallel to OA and 

)a 



I^t P and Q be two pulleys (with carefully constructed axles, sc 
as to diminish friction as much as possible), fixed 
in a vertical wall or board, and having their 
wheels in the same plane parallel to the wall. 

Let A and B' be two weights attached to silk 
cords pasang over the pulleys, and knotted to each 
oth^ at the point O ; at this point let another 
wdght (y be attached by means of a silk cord. 

Let the system be now abandoned to its own ac- 
tion, and it will soon settle into a fixed position, 
represented in the figure. _ 

Forces equal to the weights A' and B' now act at the point 0, in 
the directions OP and OQ, and the effect of these is counteracted by 
the weight C", acting vertically downwards. Therefore the weight C' 
is equal to, and acd;s in the opposite direction to, the Resultant of 
A' and B', If now the line OA be measured off in the direction OP, 
oataining as many inches as there are ounces in the weight A', and 
thehne OB be measured off in the direction OQ, containing as many 




the parallelogram from which the diagonal is drawn. 

We are, by means of this law, enabled to replace two 
forces acting at a point by a single force which will 
produce the same clfect ; this substitution is commonly 
called the. Composition of Forces. It is often necessary, 
for convenience of proof or illustration, to conceive a 
single force as divided into two forces acting in different 
directions ; this is called the Eesolution of Forces, and 
is effected by the parallelogram of forces in the following 
manner. 

Let OC represent the force which we 
wish to resolve in the directions OP and qI 
OQ; from the point C draw the lines 
CA and CB parallel to Oft and OPj then 
it is evident from the parallelogram of ^ c 

forces, that OC is the resultant of the 

forces OA and OB, and that the effect of 

tlie forces OA and OB is the same as the ^ ^ 

effect of the force OC. 

It is found by experiment that no force can produce 
any effect in a direction at right angles to itself; and for 
this reason, the angle ftOP is generally assumed a right 
angle, because in this case the components OA and OB 
are totally independent of each other ; and each repre- 
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nitude to each of the components. 

2. The resultant of two forces acting at right angles is double the 
lesser of the components. Find the direction of the resultant. 

Ans. It divides the angle between the components into two 
parts, of which one is 6o°, and the other 30°. 

3. If two forces act at right angles, the square of the resultant is 
equal to the sum of the sq^iares of the components. 

For, if OAC (fig. p. 5) be a right-angled triangle, the square of 
OC will be equal to the sum of the squares of OA and AC, or OB, 
which is equal to AC. — q. e. d. 

4. Two forces, equal to 30 and 40 lbs. respectively, act at a point 
at right angles to each other. Find the resultant. Ans. 50 lbs. 

5. Two forces act at a right angle, one equal to 43 lbs., and the 

other to 22 lbs. Find the resultant. Ans. 48.34 lbs. 

. 6. The resultant of two forces, acting at a right angle, is 56 lbs., 
and one of the components is 31 lbs. Find the other. 

Ans. 46.6 lbs. 

7. The effect of a force estimated in a direction different from 
its own is found hy multiplying the force ly the cosine of the angle 
made hy it with the direction in which it is to he estimated. 

For (fig. p. 5) the effect of the force OC in the direction OA is the 
component OA ; but OA is equal to OC multiplied by the cosine 
of AOC. — Q. E. D. 

8. Find the effect of a force of 23 lbs. in a direction mahing with 
the line of the force an ^gle of 32®. On referring to the table of 
sines^ and cosines, we find cosine 32° = 0.84805; multiplying this 
decimal into 23 lbs., we obtain for the value of tlio resolVed force 
19.5 lbs. 

9. A weight W is drawn along the ground by 

a rope OC, which makes with the horizon an 
angle CO A of 12®. If the force OC required to 
draw the weight be 142 lbs., a smaller force OA 
acting horizontally will draw it. Find the hori- 
zontal force. Ans. 138.91138. 
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10- Let the force OA he I20 lbs. Find how much this force 
should be increased, if the weight be drawn at an angle of 17°. 

^ Arts. 5.48 lbs. 

1 1- The resultant of two forces, acting at right angles, divides the 

angle between them into 37° and 53°, and is equal to 471 lbs. Find 
the components. Anb. 376.15 lbs. and 283.45 

5 - 33U Cliayla’s Proof of the Composition of Forces. 
— The proof of the composition of forces given in the 
preceding section, although sufficient for practical pur- 
poses, and for establishing the Science of Statics on an 
experimental basis, is yet wanting in the mathematical 
precision which is afforded by an a priori proof of this 
fundamental doctrine ,* we therefore add to the former 
proof, that most simple and elegant of the a priori 
proofs of tho composition of forces, which is attributed 
to Du Chayla.*^' It consists of a series of Propositions, 
which we here produce, in order ; hut the student who 
is contented to allow his knowledge of mechanics to 
rest on the basis of experiment, and does not require 
an a priori argument to fortify it, may pass on to sec- 
tion (6). 

The following Postulates are assumed : — 

P*ostiilate 1 . — Txoo forces meeting at a point cannot have 
more than one resultant, 

$®ostulate 2 . — The resultant of hvo forces meeting at a 
pointy lies in the plane containing the components ^ and is 
intermediate in direction. 

Thus, let AB and AC repre- a 

sent two forces acting at the 
point A, in the directions indi- / \ 

cated by the arrows ; the direc- / 
tion of their resultant AE is \ 

assumed to lie in the plane BAG, ^ 
intermediate toAB and AC, Cmdinthe manner indicated 
by the arrow. 


Vide note at page 20. 



equal lorces nieeung m a poiuL ; T:neir 
resultant Alt must bisect tlie angle 
PAQ. 

Proof. — If it be possible, let some 
other line A.m be the direction of the re- p 
sultant, and let An be drawn, making 
the angle EA?^ equal to the angle EA^ ; 
then whatever reason can be assigned 
why Aw should be the direction of the re- 
sultant, a similar reason can be assigned for A?^; therefore 
Am and An are both the resultant of AP and AQ, which 
is contrary to the Postulate : in like manner it can be 
shown that no other line not bisecting the angle PAQ 
can be the direction of the resultant ; therefore the line 
AE is the direction required. — o. e. n. 



PnoposmoN’ B. 

The resultant of two equal forces meeting at a point is 
in the direction of the diagonal of the lounge formed hy the 
forces. 


Statement. — ^Let AP and AQ be two ^ 

equal forces, represented by the lines /\ 
iiP and AC ,* and let the lozenge ABEC ^ ^ 
be completed ; the resultant of the forces / \ / \ 

is in the direction of the diagonal AD. J ^ \ 

Proof. — Since AB and AC are equal, ^ \ 

AC and BD also equal (Euc. I. 34), ^ r ^ 
AB is equal to BD ; therefore the angles 
BAD and BDA are equal (Euc. 1 . 5); but EDA is equal 



The resultant of two forces meeting at a point, of which 
one is douUe the other, is in the direction of the diagonal 
of the parallelogram formed hj these forces. 

Statement. — Let AC and Ah "be 
two forces, Ah being double AC; 
completing the parallelogram ACK/^, 
the resultant of AC and Ah is in 
the dirc5ction of the diagonal All. 

Construction. — Bisect Ah in B, 
and draw BD parallel to AC and h 
hH, and join AD and BR. 

Proof. — The forces AC and Ah 
are equivalent to AC, AB, and Bh ; but AC and AB are 
equivalent to a resultant in the direction AD (Prop. B), 
or to CD and BD, by resolving the force AS at the 
point D ; the force CD passes through the point E ; and 
BD and B5, which remain, being compounded, give a 
resultant in the direction BE (Prop. B) ; if, therefore, 
the point 11 were held fast, it would destroy the forces 
CD, BD, and BJ, which are equivalent to the origind 
forces AC and Ah. Therefore 11 is a point on the re- 
sultant, but A is also a point on the resultant; and, 
therefore, the line All is the direction of the resultant of 
AC and Ah. — q. e. n, 

Corollarg.--iBj a similar demonstration it is shown, 
that if there be any two parallelograms, CB and D^, in 
which the resultants follow the directions AD and BE, 
the parallelogram C^, formed by them, will also possess 
the property of indicating by its diagonal AE the direc- 
tion of the resultant of the forces AC and Ah. 




PKOPOSITIOiSr P. 


The resultant of any tioo commensuralle forces meeting 
at a point, is in the direction of the diagonal of the paral- 
lelogram formed hj the forces. 

Statement. — Let AK ■ K 

and AL be two forces 

meeting at the point A, bV — \ \ 
and commensurable ; the ^ \ \ 

direction of their resul- \ 

tant is the line AM. \ \ \ m 

Construction. — Take ^ 

AC, CC', C'C", &c., and 

AB, EB', &c., each equal to a common submultiple of 
AK and AL, and draw CD, C'P', &c., parallel to AL 
and ME; also draw BX, B'X', &c., parallel to AK and 
ML. 

Proof.— Since the forces AC and AB are equal, their 
resultant is in the direction AX (Prop. B) ; and since 
AB and BB' are equal, the resultant of AC and AB' is in 
the direction AX'' (Prop. C) ,* and since B'X'' is equal to 
B'L, their resultant is in the direction B'D ; and, there- 
fore, the resultant of AC and AL is in the direction AB 
(Prop. C, CoroL). In like manner it can be proved that 
the resultant of CC' and CD is in the direction Cl)'; 
and therefore the resultant of AC' and AL is in the di- 
rection AD'. In like manner it can be shown that the 
resultant of AC" and AL is in the direction AD", and so 
on, until, finally, the resultant of AX and AL is proved 
to be in the direction AM. — q. e. n. 

PnoposiTioiT E. 

two incommensurable forces meet at a pomt, their re- 
mltant lies in the direction of the diagonal of the parallelo- 
gram formed by the forces. 



let AD', intermediate between AC ^ 

and AD, be the direction of the resultant. Let a sub- 
multiple of AC be taken, less than DD', and measured 
into AB as often as possible to the point X, leaving a re- 
mainder XB smaller thanDD', and draw XY parallel to 
AC and BD. ^ 

Proof. — Since the forces AX and AC are commensu- 
rable, their resultant lies in the direction AY (Prop. D); 
and this resultant, compounded with the remainder XB, 
will give a £nal resultant of the forces AB and AC, which 
lies in the angle BAY (Post. 2), and therefore, a fortiori^ 
intersects the line CD to the right of the point D'; 
therefore AD' is not the direction of the resultant of 
AB and AC. In like manner it can be shovm that no 
other direction, intermediate between AC and AD, is the 
direction of the resultant. . 

CA.SE II. 

Construction. — If it be possible, 
let some line AD', intermediate be- 
tween AB and AD, be the direction 
of the resultant. Let a submultiple 
of AB be taken, less than DD', and 
measured into AC as often as possi- 
ble, leaving a remainder XC, dess 
thnn DD', and draw XY parallel to 
AB and CD. 

Proof. — Since tbe forces AB and AX are commen- 
surable, the direction of their resultant is AY (Prop. D) ; 
and this resultant, compounded with the remainder XC, 
will give a final resultant of the forces AB and AC, 

B 
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wHch will, a fortiori, intersect the line BD below W ; 
therefore AD' is not the direction of the resultant of AB 
and AC. In like manner it can be shown that no other 
line, intermediate in direction between AB and AD, can 
be the resultant. 

Final Proof. — Since, therefore, no line intermediate 
between AC and AD is the direction of the resultant ; 
and since no line intermediate between AB and AD is 
the resultant; and since the resultant of AB and AC 
must lie between them (Post. 2) ; therefore the diagonal 
AD is the direction of the resultant of the two forces. — 

0. E. D, 


PxiOPOSITION P. 

If two forces meet at a point, the diagonal of the paral- 
lelogram formed ly them, represents their resultant in 
magnitude as well as in direction* 

Statement. — ^Let two forces 
P and Q, represented by AB 
md AC, meet in the point A ; 
their resultant E is represented 
in magnitude as well as in di- 
rection by the line AD, the 
diagonal of the parallelogram 
ABDC. 

Construction. — Produce the line DA indefinite^, 
and measure off on it a line AX, supposed equal to the 
unknown magnitude of the resultant; complete the pa- 
rallelogram AXOB, and join AO. 

Proof. — Since AX is equal to the resultant of AB 
and AC, and acts in the opposite sense, it equilibrates 
them ; and therefore one of them, AC, also equilibrates 
the other, AB, and the force AX ; it must, therefore, bo 
equal and opposite to their resultant ; but this resultant 
is in the direction AO (Prop. E), because AXOB was 
made a parallelogram ; therefore AC and AO must be in 
the same straight line; therefore AOBD is a paraUolo- 
giam; therefore AD is equal to OB ; but AX is also 




from the jpoint, 

Promtlie preceding definition of a Moment, it follows 
that it may be geometrically represented by double the 
area of the trkhgle, whose base is the given force, and 
whose vertex is the point with respect to which the mo- 
ment is taken. 

"What is called by writers on mechanics the Principle 
of Moments is contained in the two following Proposi- 
tions, which are converse to each other : — 

phopositiok itr. — theoeem. 

If two forces meet in a point, their moments with respect to any 
point situated on their resultant are eq^ial and opposite^ 

Let OP and OQ be the direc- 
tions of the given forces, and 
OR the direction of their resul- 
tant ; from any point C of this 
resultant let fall perpendiculars 
CE and OF, upon OP and OO: 
and let these perpendiculars uo 
denoted by p, q, and the forces by o 
P, Q ; it is required to prove that 

Fp = Qq, 

Draw CA. and CB parallel to QO and PO; then, since the triangles 
CEA and CFB are similar, 

CE:.CAj: OF : CB, 

or, because CA and CB, or BO and OA, are proportional to Q and P, 
p: Q:: qi P; 

and, multiplying extremes and means, 

.Pp = Qq. 

— Q- E. D. 



14 


OK rOECES MEETHTG AT A POINT. 


PEOPOSITIOjST III. — THEOEEIiI. 

If the moments of two forces meeting in, a point he equal and oprfo- 
site with respect to any point lying in their plane^ that point must be 
situated on their Restdtant. 

Using the same construction ; since 

Pp - Qq^ 

we have 

p iQ::q : P. 

But since the triangles CEA and CEB are similar, 
p:CA::q:CB. 

And therefore, 

Q : P : : CA : CB. 

Therefore the lines OA and OB represent the forces P and Q, and C 
is a point situated on their Resultant q. e. d. 


The physical notion involyed in the idea of a moment 
is that of a Twisty which may he right-handed or leffc- 
handed; just as the idea involyed in a force is that of a 
Thrust, which may he either a push or a pull, according 
to the direction. The Principle of Moments may there- 
fore he thus stated : — ^If two forces meeting in a point 
he g^pHed to a body, every point of the body, situated 
m the plane of the forces, experiences a Twist, which is 
the algebraic sum of the Twists arising from each force 
sep^ately, and ttiere exists a line, viz., the Eesnltant 
ot the forces, alo^ vrhieh the Twists are equal and op- 
popte, and equilibrate each other, — and conversely, any 
which experiences no Twist must lie 
on me Resultant of the applied forces. 

To iUustrate this statement, let A'OA be the direc- 
tion of a, force T , and B'OB the direction of a force Q 
apphed to any body; the plane of the forces is divided 
into two regions by each of the forces. 



ceive arigM-hand- c'*" 

ed twist. 

2nd. All points aboYe B'B, as C', C", will receive a 
left-handed twist ; and all points below B'B, as C, 
will receive a right-handed twist. 

Considering the right and left-handed Twists as posi- 
tive and negative, we have for the points C, C', C'', C'" 
the following Twists : — T, T', T', T" \ 

In the angle BOA ; T = — Pp 4- Qq. 

In the angle BOA ; T' - — Pp - Qq'. 

In the angle B'OA'; 1'" = Pp" — Qq". 

In the angle B'OA ; T" = Pp'''-\-Qq'" 

It is evident, therefore, that in the angle AOB'', the 
Twist is right-handed; in BOA', left-handed; and in 
the angles AOB and A'OB' right-handed or left-handed 
according as the point selected lies at’ one side or the 
other of B'J), the resultant JP and Q, along which line the 
Twist vanishes, — as it is evident it must, because the 
points situated in this line can only experience a Thrust, 
and not a Twist. 

If D'OD be the line of the resultant, we see, finally, 
that all points above this line experience a left-handed 
twist, and all points below this line a right-handed twist. 
Hence, 

A Moment is the mathe^natical measure of the amount of 
a Twist j and is estimated hy the ^product of a weight and a 
line. 


IQ 


ON FORCES MEETING AT A POINT. 

It is easy to show that the moment, or twisting effect 
01 two forces upon point, is the same as the moment 

““ “““ 


PROPOSITION IV* 

^ three forces, Meeting at 
other, the sum of their moments 
IS egtial to zero. ^ 


a point, equilibrate each 
with respect to any point, 


by®S reprosonted 



Construction.— Produce the line DA ,,uHi k • 

(iraw LM parallel to AB. ’ point T 

•ighl-hmaeJ SJaiSl*.!? "f « ul Jt are 

ofP, with res n “ ‘lie moment 

grm ABYZ fyid u theparaUelo- 

»«u.lto ABML, b».™LZi.tSn^Staa’t5 
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CT and TB are equal (Euc. I. 43 ); "but the moment of 
Ej with respect to the point 0 , is equal to double the 
area of the triangle AOB', because AD' was made equal 
to AD ; the triangle AOD' is equal to OTD' and OTA 
together ; but OTD' is half the area of the parallelogram 
OTMY (Euc. I. 41) ; and OTA is half the area of OTLX ; 
therefore the triangle AD'O is half the area of the paral- 
lelogram LMYX j and therefore the moment of the force 
E, with respect to the point 0, is represented by the 
parallelogram LMYX ; but the parallelogram ABYX 
is equal to ABML and LMYX together; therefore, the 
moment of P, with respect to the point 0 , is equal to 
the sum of the moments of Q and P, with respect to the 
same point ; but the moment of F is left-handed, and 
the moments of Q and R are right-handed : therefore, 
the sum of the moments of P, Q, and P, with respect 
to the point 0, is equal to jzero. — Q. e. n. 

Corollary . — The moment of the resultant of two forces 
meeting at a point, with respect to any other point si- 
tuated in their plane, is equal to the algebraic sum of the 
moments of the components with respect to the same 
point. 


3B3cercises on tbe Composition of Forces. 


I. If two forces, P and Q, act upon the same point of a body, an i 
make with each other an angle 0, prove that their resultant JR is 
given by the following equation ; — 

f Q2 + 2PQCOS0. 


2. If three forces, P, Q, P, equilibrate each other, prove that if 
AAA 

QP, PP, PQ, denote the angles between the respective forces, 

P : Q ; = sin ^72 : sin ip : sin PQ. 

3. Two forces, represented by 17 lbs. and 36 lbs., act upon a point, 

making with each other an angle of 22®; find the magnitude of their 
redultiint. 52. 15 lbs. 
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4. Let the component forces be 26 lbs. and 127 lbs., and the angle 
between them be 76°. Find the resultant. Ans. 135-65 lbs. 

5. Two forces, equal respectively to 74 lbs. and 123 lbs., act at an 

angle of 65“. Find the angles into which their Resultant divides 
this angle. Arts. 23® 30' and 41° 30'. 

6. The angle between two unknown forces is 37“, and their resul- 

tant divides this angle into 31® and 6“ ; find the ratio of the compo- 
nent forces. Ans. 4.928 : i. 

The Resultant of two forces is 56 lbs., and one of the forces is 
22 lbs., and they make an angle of 15®. Find the other component. 

Ans.. 34.45 lbs. 

8. Tlie resultant of two forces is 10 lbs. ; one of them is 8 lbs., and 
the other is inclined to the resultant at an angle of 36®; find the other 
force and the angle between them. There are two solutions — 

13.51 lbs. ; or 2.663 1^8* 
132® 43'; 47® jf. 

9. Three forces act perpendicularly to the sides of a triangle at the 
middle points, and each is proportional to the side on which it acts. 
Show that they will equilibrate each other. 


10,. A weight is sustained as in the figure, page 4, by two 
weights P and Q, by means of strings passing over two pulleys, not 
m the same horizontal line. Find the position of rest of the system. 


Ti. Two weights, P and Q, support each other on two inclined 
planes, making angles with the horizon, a and j3 respectively, bv 
means of a string passing over the vertex of the planes. Find the 
ratio of P to Q, and the tension of the string. 

Ans. P : Q : : sin j8 : sin a. 

Tension = P sin a. 

= Q sin j3. 


ii. Tbreejorces eiuIUbrate ea<* other, and are proportional to 
^ ^*“<1 tlte angles at which they are inclinetl to 
I05«; 120"; 1350. 


13. forces, r^resented by i lb., 2 lbs., 3 lbs., 4. lbs. act on a 
^t. T^e direction of the first and third are at right angles to each 
othw, and so ara the directions of the second and fourth ■ aud^he 
^le betw^ the first and second is 60”. Knd the mao-n^ nde and 
direction of the Resultant of all the forces. ^ ‘ “ 

Aat. The results.^ is 6.89 ihs., anil makes an angle 
of 102° 16' with the first force. 
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a^pdnria°d“eotfoS OA.’ oV w“ach 

^ns. The r^uItantU 119..5 ]bs., and makes an 
angle with OC of 22° 33'. 

15. Let the forces he 21 lbs 16 1h« ..„ik 7*1. 

and BOC equal to ry" a^d s^l Find ’,h/retitanf 

the same horizonUlTinerafa mstauce f'h 

and if a smooth xins anon t f . • other equal to 2a; 

the tension of the cord Tis equal to ^ weight 7 F,* prove that 


T=. 


TFl 




« uZli ^ weight is rand radius r, rests udot, 

an obsticie o'f force ^ necessaiy to draw the wheel over 

F= W 


r^h 


question is solved by equating the moments of the 
obstade.^ carriage with respect to the summit of the 

1 8. If Pj Qj p be forces equilibrating at a point, prove that 


- Q) (P + Q - P'V 


Sin FQ ^ j/ ~(P+ Q -f P) C ^ 4- P - • P) (ig 4-~p 

2 PQ 

is dragged along a stream, 50 ft. wide, by men on each 

bank ’ is^72 attachment to the 

hank, is 72 ft. ; the boat moves straight down the middle of the 

pressure in that direction, if each rope 
be pulled with a strain of 7 cwts, Ans. 13.1 3 cwta 

20. Divide the base, AB, of a triangle ABC, into segments AI>, 
DB, which are to each other in the ratio of to m, and Join CD, 
Piove that if forces be represented in magnitude and dir^|<« by 

^ A r wiU be reprsented in magnitude 

and direction by (»i + w) x CD. 

2r. If ABCD be a quadrilateral, and be acted on by forces which 
are represented in magnitude and direcrion by AB^ AD, CB, CE)^ show 



string will draw the upper portion of it 30° out of the perpendicular. 

Ans. 2.886 lbs. 

24. Forces proportional to the sides of any plane polygon, acting 
perpendicularlj’- to these sides at their middle points, will equilibrate. 

25. If three forces of 99, 100, ajid loi units respectively, act on a 

point at angles of 120*^ ; find the magnitude of their resultant, and its 
inclination to the force of 100®. Ans. y/ 3 ; 90°. 

26. Let forces represented in magnitude and direction by the lines 
AC, AD, BC, BD act along four edges of the tetrahedron ABCD : 
prove that their resultant is represented in magnitude and direction 
by four times the line EF, which joins the middle points of AB and 
CD, (he two remaining und opposite sides of ilie tetrahedron. 


* Note. — The following notice of Du Chayla was published by Pro- 
fessor De Morgan in “Notes and Queries,” in June, 1864 : — “Charles 
Dominique Marie Blanquet Du Chayla, was an early pupil of the 
Polytechnic School, which he entered in 1795, three years before 
Poisson. He was afterwards a naval engineer — ofRcier de gdnie ma- 
ritime — and finally became Inspector-General of the University. I 
doubt if his name would appear in a , biographical dictionary; and 
unless there be something of his in the Correspondance sur rEcole Poly- 
techniqne, one of the hardest to get of modern mathematical works, it is 
likely that his celebrated proof of the composition offerees is his only 
memorial. This proof was published, so far as I know, for the first 
by Poisson, in the first edition of his work on Mechanics. This, 
and its own ingenuity, has given it European circulation. Poisson 
has preserved, in the same way, the name of M. Defiers, Professor in 
the College Bourbon, attached to a verification of Fourier’s celebrated 
definite integral. Of M. Defiers I know nothing more. 


“A. De Morgan.’ 
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CHAPTEE II. 

ON PARALLEL FORCES. 

I. Composition of parallel forces. — 2. ArcLimedes’ proof of the com- 
position of parallel forces. — 3. Principle of moments. — 4. Centre 
of parallel forces. — 5. Centre of gravity. 

I. Composition of Parallel Forces. — In the preced- 
ing chapter the composition of two forces acting upon 
the same point of a body has been considered ; we shall 
now consider the case of two forces parallel to each other 
in direction, and applied at two different points of the 
body. The composition of snch forces may be deduced 
from the composition of forces meeting at a point, by 
means of the following Proposition : — 

PEOPOSITION T, — THEOREM. 

If two parallel forces^ AP and BQ, act 
upon the two points A and B, in the same 
direction^ their combined effect will he equal 
to the effect of a single force OR, equal to 
their sum, parallel to their direction, and 
applied at a point O, found by dividing the 
line AB, so that AO shall he to OB as BQ 
is to AP, i. inversely as the forces. 

Let two forces, AC and BD, acting in 
opposite directions, and each equal to the 
lesser force AP, be introduced into the sys- 
tem. Since these forces would destroy each other if acting alone, 
they may be introduced without altering the effect of the forces AP 
and BQ. The forces AP and AC may be compounded (Prop, i .) into 
a single force AE, and the forces BQ and BD into the force BE ; and 
these resultant forces themselves may be supposed to act at their point 
of intersection O'. Let them be resolved at this point into their ori- 
ginal components, OT' and O'C', O'Q' and O'D'. The forces O'C' and 
O'D', being equal and opposite, destroy each other, and the resultant 




The foregoing proposition has been deduced from the composition 
of forces meeting at a point, by geometri- 
cal reasoning. It might have been expe- 
rimentally demonstrated in the following 
manner: — 

From the extremities of a light strong 
rod AB, let two weights, P and Q, be 
sespended, and let a weight R, equal to 
titeir snm, be attached to a silk cord, pass* 
mg over a pulley G ; it will be found on 
trial that fee sy^ctn will remain at rest 
if fee cord be f^ened to the point 0, se- 
lects so feat AO shall be to OB in the 
ratio erf fee wmghfe Q to the weight P. 

EXAMPLES. 

1. Two wdghts of 126 lbs. and 220 lbs. respectively are suspended 
from the extremities of a straight bar, 26 inches in length ; find the 
segments into which fee r^ultant divides the bar. 

Jns. 16.53 inches, and 9.47 inches. 

2. Two weights, of 17 stone 6 lbs., and of 2 cwt. r qr. 22 lbs., 

are Mended, as in fee last example, to the extremities of a rod 
32 ^ lo^ ; find what point of fee rod should be supported in order 
to ®E5taln fee w^ht. • 

Ans. The scents are 15.073 feet, and 16.927 feet 

In the c^-jnst diseased the parallel forces have the 
^me direction, and their jResultant is al^vays the sinn of 
the forces ; hnt if it be required to find the resultant of 
^o parallel forces, acting in opposite directions, it may 
done by the aid of the following Proposition ; 
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2’o find the resultant in magnitude and position of tu’O parallel 
forces^ AP and OR, acting in opposite directim 

Let the force R be greater than P ; find a force 
Q equal to the difference between R and Pj and 
produce the line AO to B, so that 

AOi OBiiQ'.P, 

and at the point B apply the force Q, in tlie di- 
rection BQ of the greater force P; the force 13Ci 
is the required resultant. 

Assuming BQ' equal and opposite to BQ; by 
the preceding proposition, the resultant of AP 
and BQ' is a force OR' equal to P d- Q ; but, 
by construction, the force OR is equal to P + Q, and therefore OR 
is equal to OR', and since it acts in the same line, and in an opposite 
direction, it equilibrates OR', and convSeqiicntly the force BQ' equi- 
librates AP and OR ; and therefore its equal and opposite BQ is the 
resultant of AP and OR. 

The resultant therefore of two parallel forces acting in opposite rli^ 
rections is equal to their difference. And, since 

AO:OB:iR--PiP. 

Componendo (Euc. v. i8), 

ABiOBi i R',P, 

And therefore, the point of application of the resultant of two oppo.sito 
and parallel forces is found hg producing the line joining their poinia 
of application^ so that the whole produced line shall be to the produced 
segment inversely as the forces. Q. K. X. 

In order to find the resultant of two parallel forces, 
it is necessary, as is shown by the Propositions t. and 
Yi., to cut the line joining their points of application in 
the inverse ratio of the forces; this section being inter- 
nal in the case of parallel forces acting in the same di- 
rection, and external in the case of opposite parallel 
forces. It is always possible to perform this section in 
the first case, but in the latter case, if the opposite forces 
be equal, we axe required to produce a line so that the 
whole produced line shall he equal to. the produced part, 


R 




A 0 


— . 

V 


/ 


It' 



1^1 iPoroea. — Arciiimeaes loimaea me science ot fcjtatics 
upon a demonstration of tlie composition of parallel 
forces, of wMdi the following proof gives the essential 

parts : — • 

jp^tulate I. Two parallel forces cannot have more 

than one resultant. 

jPostulate 2. The resultant of two concurrent parallel 
lies in their plane, and is intermediate between 

finern, 

Peoposition a. 

Tke resulfmf of two equal concurrent parallel forces 
ike Urn joining tkevr points of application, 

— Let A and B be the points 
of application of two equal parallel forces 
P and P: their resultant OE must bisect 
Ae Mne AB. 

CN» 8 imcti<m. — If it be possible, let a:m 
be the rsultant, and not OB ; draw gn equal and pa- 
ailel om, and making O2; e(][nal to Og, 

J?ro®iL — ^Whatever reason can be assigned why am 
^onld be the resultant of the forces P, a similar reason 
earn he assigned in favour of the resultant gn, which is 
equal in magnitude, and symmetrically situated; there- 
fore and gn are both resultants of the forces P, which 
m contrary to the Postulate; therefore £cm is not the re- 
wltant of the fon^P; in like manner, it can be shown 
feat no other line, not bisecting the line AB, is the di- 
metimm of fee resultant; therefore, the resultant of the 
imms P bisects the lino AB. o. e. n. 


A .VOS' B 
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Corollary . — The resultant is equal to twice Pin mag- 
nitude, as the forces all have the same direction. 


Peopositioi^ B. 

The resultant of any number of equals parallel, concur- 
rent forces, whose points of application are situated at 
equal distances along the same right line, passes through 
the middle point of that right line. 


Statement. — LetP, P', P^', a a' a" o b b ii 

&c., te parallel, equal con- fff f f f j J j f f f (ff 
current forces applied at equal f ^ f r 

distances along the line AB; 
their resultant passes through 
0, the point of bisection of the right lino AB. 

Proof. — The number of forces is either even or odd. 


If it he even, the forces may be combined in pairs, 
PP, P'P', P''P'', &c., applied at the extremities of right 
lines AB, A'B', A'^B'^, &c., whoso common point of 
bisection is 0 ; but each of these pairs of forces has a 
resultant passing through 0 (Prop. A); therefore the 
common resultant of all the forces passes through the 
point 0. 

If the number of forces be odd, th^y may be combined, 
as before, in pairs, PP, P'P^, P"P'', &c., applied at the 
extremities of lines AB, A'B', <&;c., whose common cen- 
tre is 0, together with a single force applied at the 
point 0 ; since the resultants of the pahs of forces 
(Prop. A) and the single odd force all pass through 0 ,* 
therefore the common resultant of all the forces passes 
through 0. 

In ovoiy case, therefore, the resultant of the parallel, 
equal, concurrent, and equidistant forces passes through 
the point of bisection of the line of their application. 


Corollary.—Bh.^ Bcsultant is equal in magnitude to 
the sum of all the components. — q. n, n. 



points of application of two commen- 
snralble, concurrent, parallel forces P 
and Qj and let the line AB be divided 
in 0, so that AO : OB : : Q : P; the p ^ 
point 0 is the point of application of /r 
Pj the resultant of P and Q. 

Construction — Divide the line AB in X, so that 
AX : XB : : P : Q\ and produce it both ways, making 
AL equal to AX, and BM equal to BX. 

Proof. — Let P and Q be to each other in the ratio of 
the integer numbers m and n ; and let P be divided into 
m parts, and Q into n parts, each equal to the common 
submultiple F. Also let LX be divided into w, and 
XM into n equal parts. Since the line LX contains m 
equal parts, there will be (m - i) points of section, to- 
gether with the extremities L and X ; let {m - i) of the 
submultiples of P be applied at the points of section, 
and the mP submultiple be divided into two equal parts, 
and applied at L and X ,* there will thus be applied at 
equal distances along the line LX, whose point of bi- 
section is A, ^ - 1 forces, each equal to P; and two forces, 
each equal to at the points L and Xj and the force 
P is equivalent to this system of forces (Prop. B, CoroL, 
and Prop. A). In like manner the force Q may be re- 
placed by (w - i) equal forces, P, applied at equal dis- 
tances along the line XM, whose point of bisection is B, 
together with two equal forces, ^P, applied at X and 
M : therefore the two forces together are equivalent to 
{m -\-n - i) equal forces applied to the points of sec- 
tion of the line LM, divided into (m + w) equal parts, 
together with two forces, each equal to ^P apphed 



ON PAEA.LLEL FOECES. 


27 


at its extremities L and M; therefore the Eesultant 
of P and Q is applied at the point of bisection of the 
line LM (Props. A and B) ; but AB is equal to half 
LM, and LO is equal to AB, because LA is equal to 
AX, equal to OB, and AO is common to both ; therefore 
0 is the point of bisection of the line LM ; and is, there- 
fore, the point of application of the resultant of P and 
Q ; therefore the point of application of the resultant of 
*two parallel, commensurable, concurrent forces divides 
the line joining their points of application inversely iu 
the ratio of the forces. — q. e. n. 

Corollary. — The resultant is equal to P + Q in mag 
nitude. 

Peoposition B. 

The Resultant of two parallel, concurrent, tncommen- 
surahle forces, divides the line joining their points of ap- 
plication inversely as the forces. 

Statement. — Let P and Q be two parallel, concur- 
rent, incommensurable forces applied at the points A 
and B ; their resultant will divide the line AB in the 
point 0, so that R : Q:: OB : OA. a 

Construction. — If it be possible, F 
let the point of application of the re- ¥ 
sultant be any point X, different/ 
from 0. Let a submultiple be taken ^ 
of OB, less than OX, and which shall 
measure OB m times ; and let it be 
measured into the line AO, as often as 
possible, say n times, leaving a remainder YO, less than 
XO,- and divide the line YO in Z, so that 

YZ : ZQ : : n : m. 

Proof. — Since 

AY : OB X I ni m, 
and 

YZ : ZO : \ n\ m, 

AZ : ZB : : w : w (Euc. V. 1 2 ) 0 




P: Q': :ZB:ZA; 

therefore Z is the point of application of the resultant 
force of the commensiirate components P and Q (Prop. 
C) ; now the resultant of this force applied at Z, and of 
the force remaining, Q - Q, applied at B, is evidently 
the resultant of P and Q ; and as its point of applica- 
tion must lie between Z and B (Post. 2 ) ; it follows, a 
fortiori, that the resultant of P and Q must lie between 
X and B ; therefore no point X, lying between A and 0, 
can be the point of application of the resultant ; and in 
like manner it can be shown that no point lying be- 
tween B and 0 can be the point of application j but the 
resultant must lie between A and B (Post. 2 ) ; therefore 
0 is the point of application of the resultant of P and 
Q, — Q. E. n. 

Corollm'xj . — The Eesultant of the forces P and Q is 
eq[ual to their sum P + Q, 

.In order to complete the theory of the Composition of 
Porces, when the composition of parallel forces is made 
its basis, it is necessary to add a demonstration to show 
how the, composition of two forces meeting at a point 
may be deduced from the composition of parallel forces ; 
this Proposition is analogous to that given in the com- 
mencement of this chapter, by which we passed from 
the composition of forces meeting at a, point to that of 
parallel forces. . . 

In the following proof, we have adopted the method 
given by Poinsot, in his Piemens de Statique : a work 
which must be regarded as the most important addition 



direction. 


Construction. — Let 

AB and AC represent the ^ / 

two forces P and Q; com- f Jr 

plete the parallelogram / / / 

ACDB, and produce BD b/ 4 

and AC to X and Y, U j 

making JDX and CY each L - V — J 

equal to AB; complete /\ 

the rhombus BCYX by i ^ 

drawing XY. f. 

Proof. — -Let two forces ./ 

XX'and YY', each equal 

to AC or Q, and opposite in direction, be introdaced 
into the system ; this will not disturb the forces P and 
Q already existing, as the forces introduced balance 
each other. The force Q may be supposed to act along 
the line YY at the point Y; this force, compounded 
with the equal force Q along the lino YY^ will give a 
resultant bisecting the angle VYY' (Prop. A, Chap. I.) ; 
this resultant DYY' must pass through the point D, be- 
cause CBXY is a rhombus. There remain the forces P, 


applied at A or B, and Q, parallel to P, applied at the 
point X ; the resultant of these forces, by Archimedes’ 
proof, passes through B, because BB : BX : : Q : JP; 
therefore the entire system of forces may be replaced by 


two forces BY' and BZ, both passing through the same 
point B ; therefore B is a point on the resultant of P and 
Q: but A is also a point on . this' resultant, therefore 



30 


ON PABALLEL EOBCE3. 


AD, tlie diagonal of the parallelogram ACDB, is the di- 
rection of the resultant of the forces P and Q, repre- 
sented hy AB and AC. — o* e. n. 

It is, therefore, evident that the whole science of 
Statics may he founded either on the composition of 
forces meeting in a point, or on the composition of pa- 
rallel forces, and that either of these compositions being 
assumed, or proved, the other follows from it by strict 
geometrical reasoning. We have given both methods of 
laying the foundation of Statics on d priori reasoning, 
and also the experimental method, which, to some 
minds, will prove as satisfactory as either. 

3. Principle of Moments The principle of mo- 

ments explained in Chap, i , with respect to forces meet- 
ing in a point, is equally true of parallel forces, as may 
readily be seen fcom the foUowing Propositions : — 


PEOPOSITION Vin THEOEEM. 

If any point 0 he taken on the resultant of two parallel forces 
P and Q, the moments of these forces with respect to this 
point are equal and opposite. 

Through the point O draw a line perpendicular to the 
forces jP, Q, and their resultant R, and let j?, g be the 
intercepts on this perpendicular between the point 0 and 
the forces F and Q, By Prop. v. it appears that 

Ft Q-.-.q.p, 

and therefore 

Pjj=Qg; P B Q 

but Pp is the moment of P with respect to the point 0 ; and Qg is 
the moment of Q with respect to the point 0. Also, since the twist 
of P upon the point 0 is left-handed, and that of Q right-handed, 
these twists, or moments, are opposite — Q. e. d. 



PEOEOSITION IX. — THEOEEM. 


If the moments of two parallel forces P and Q, with respect to any 
pomt 0, be equal and opposite ; this point is situated on the resultant. 
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Using the same construction, since the moments of tho forces -with 
respect to 0 are equal, we have 

Pp= Qq; 

and therefore 

P-.Qf.q-.p-, 

or the point O is situated on the resultant of P and Q, because it di- 
vides the line joining the points of application of the forces inveraely 
as the forces. — Q. e. d. 


The following theorem respecting the moments of any 
system of parallel forces is extremely nseful in prac- 
tice : — 


PROPOSITION X THEOREM. 

T7ie moment of the resultant of any numler of parallel 
forces, with respect to any plane, is equal to the sum of 
the moments of the component forces with respect to that 
plane. 

Definition : The moment of a force loith respect to a 
plane is the product of the force and of the perpendicular 
let fall on the plane from the point of application of the 
force. 

Let A and A' be the 
points of application of two 
of the forces P, T' ; and let 
0 he the point of applica- 
tion of their resultant. Let ^ 
the line AA' be drawn in- 
tersecting the plane in X, and let perpendiculars x, x' 
be let fall on the plane from A, 0, and A'. By simi- 
lar triangles, x, x* are proportional to XA, XO, XA', 
and therefore their differences are also proportional ,* 
but, by the principle of moments, 

P X AO = P' X AD ,• 
or, 
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and 

(P + P')f = Fx + P'o?'. 

If the point 0 and A" be joined, and the joining line 
produced to intersect the plane, a similar proof will ap- 
ply to the parallel forces P" and (P + P'), whose points 
of application are A" and 0 ; calling X the perpendicu- 
lar let fall on the plane from the point of application of 
their resultant, we find 

[P'' + (P + P')]X = P'V' f (P -1- P')f ; 

and, substituting for (P -i- P')s> its value already found, 
and arranging, we obtain 

(P -f P' -h = Px P^X^ + P'^x'\ 

The same proof will apply to any number of parallel 
forces, and therefore, fin^y, 

(P -t- P' -h P'' 4- &c.)X = Px + PV + P^'x'^ -I- &c. ( I ) 

a. E. D. 

4. Centre of Parallel Forces. — To find the resultant 
of any number of pct/rallel forces acting ujpon a body. 

Let A'A, B'B, C^C, &c., be the given forces. First 
join A' and B', and cut the 
joining line at X inversely in 
the ratio of the forces A' A ^d 
B'B ; the resultant of these 
forces, which is equal to their 
sum, passes through this point. 

Xext cut the line XC' in the 
inverse ratio of the sum of 
AA' and BB' to the force CC' ; 
let Y be the point of section; 
the resultant of the first three 
forces AA', BB', CC', which 
is equal to their sum, passes 
Ihrough this point; next join 
YD' and cut it at Z, in the 



0 
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inverse ratio of the sum of A A', BB', CC', to the force 
DD' j the resultant of the first four forces AA', BB', 
CC', DD', 'which is equal to their sum, passes through 
this point, and so on. The point Y, which is found 
last, is the point of application of the resultant of all the 
forces; and the magnitude of the resultant YO is the 
sum of all the forces AA', BB', &c. 

The point Y which has just lem found is called the cen~ 
tre of the system of pa/rallel forces, and can be shown to 
be unique, and may be found analytically, by means of 
Prop. X. Let P, P', P", &:c., be the given forces, and let 
X, x'y x'\ &c., y, y', y'\ &c., ss, ss', z", &c., be perpen- 
diculars let fall from their points of application on any 
three planes drawn at right angles to each other; we 
have the following equations : — 

(P + P' + P" + &c.)f = Fx + PV -f + &c. 

(P + P' + P" + &c.)iy = Py + P'y' + P"y" + &c. (2) 

(P + P' + P" + &c.)? = Pr + P'2' + P"z" + &c. 

In these three equations, the forces P, P', &c., are 

known, and their points of application (ic, y, z), {x', y', z'), 
&c., are also known, the unknown quantities are f, 1/, 
the co-ordinates of the point of application of the resul- 
tant ; and as there are three unknowns, and three linear 
equations to determine them, there is only one solution, 
and the centre of parallel forces is unique, and com- 
pletely determined. 


5. Centre of Gravity. — Gravity is the name given 
to the force of attraction, exerted by the earth on all 
bodies situated on its surface : the effects of this force 
are twofold — statical and dynamical, in virtue of which 
aU bodies have weight, and, if unsupported, would fall 
to the ground. The force of gravity, and consequently 
the weight of bodies, varies from place to place on the 
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surface of the earth ; hut at each place it is a force ex- 
erted upon all bodies and parts of bodies, in lines per- 
pendicular to the horizon, and, consequently, parcel. 
The direction of the force may be found by means of a 
plumb-line, or by a sheet of water, since the force of 
gravity can be proved to be perpendicular to the surface 
of a fluid at rest. 

The weight of a body may be considered as the resul- 
tant of the weights of all the atoms or indivisible parti- 
cles of which it is composed ; and since the force of gra- 
vity, at the same place on the earth^s surface, acts in 
parallel directions, it follows from what has been proved, 
respecting a system of parallel forces, that the resultant 
of the weights of all the parts of a body passes through 
a fixed point, which is the centre of this system of paral- 
lel forces. This point is called the centre of gravity. 
The method of finding the centre of a system of parallel 
forces having been described in the preceding paragraph, 
it is not necessary here to repeat it, as it is plain that 
the problem of finding the centre of gravity of a body is 
the same as that of finding the centre of a system of pa- 
rallel forces. 

In order that a heavy body, resting on a plane, shall 
not fall, it is necessary that the Vertical passing through 
the centre of gravity shall fall within the contour of the 
base on^ which the body rests ; and in order that the 
equilibrium of the body shall be stable', it is necessary 
that <he esatre of gravity shall be in the lowest posi- 
tion it can take: when this happens, the body can- 
not be moved without raising the centre of gravity ; 
this cannot be accomplished without the aid of external 
force; and the body, when freed from the influence of 
that force, will return of its own accord to the position 
in which the centre of gravity rests in the lowest possi- 
ble position. 



points, and cut the joining line inversely as the ^ 
weights of AB and CD, i. e. so that OP will be 
to OQ as the weight of CD is to the weight of 
AB- The truth of this construction is evident, 
from the consideration that there are two forces 
parallel to each other, and equal to the weights of AB and CD, ap- 
plied at the points P and Q, and by Prop. v. the point 0 will be the 
point of application of their resultant 



2. Let the weights of AB and CD, respectively, be 23 lbs. and 
42 lbs., and the length of PQ 14 inches. Piiid the line OQ to three 
places of decimals. A^is. 4.953 in. 


3. Let the weights be 3 cwts. 2 qrs. 15 lbs., and i cwt. 3 qrs. 25 lbs., 

and the line PQ equal 3 feet 7 inches. Calculate the line OP to 
three places of decimals of feet. Ans. 1.261 ft. 

4. To find the common centre of gravity of three bodies. Join the 
centres of gravity of the first and second bodies, and cut the joining 
line inversely as their weights. Join this point with the centre of 
gravity of the third body, and cut the joining line inversely in the 
ratio of the sum of the weights of the first and second bodies to the 
weight of the third. The point thus found is the centre of gravity 
required. 

5. To find the centre of gravity of the perime- 
ter of a triangle. Let ABC be the given triangle. 

Bisect each of the sides in 0 , P, Q; the weights 
of the three sides respectively may be conceived 
as concentrated in these three points. The ques- 
tion is thus reduced to Example (4). It is not 
difficult to prove that the centre of gravity is 
the centre of the circle inscribed in the triangle 
OPQ, 
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6. To find the centre of gravity of a homoge- 
neous thin plate, cut into the form of a triangle. 
Let ABC be the triangle, which may be conceived 
as divided into thin bars parallel to AC. The 
line BQ, joining the angle B with the point of 
bi^cfion Q of the opposite side, will pass through 
the centres of gravity, or points of bisection of 
all tb^ bars. Consequently, the centre of gra- 
vity of the triangle lies on this line BQ. In a 
similar manner it may be shown to lie on the line 
AP, which is drawn bisecting the side BC. Con- 



sequently, it must be at the intersection O of these lines* 


7. Jfa body he sftspevded from a fixed point 0 , it 
will not he in eqtdlibrium unless the line OG, joining 
the pmnt of suspensicrn toith the centre of gravity, he 
vertical. 

For, let the line OG not be vertical, and let GC 
represent the weight of the body acting vertically 
downwards; let this force be resolved into two 
forces, GA and GB (Prop, i) ; it is evident that 
the force GA will be destroyed by the reaction of 
the fixed point O, while the force GB will cause 
the body to move towards the vertical line OV, 

Hence the body cannot be at rest unless the line GO be vertical. 

S. Hence may be deduced an ea.symode of finding, experimentally, 
the centre of gravity of a plane figure of irregular shape. Let it be 
suspended to a fixed point, by means of a cord attached to any point 
of its surface ; when it has arrived at a state of rest, the line of the 
cord will be vertical, and will also passthrough the centre of gravity. 
By marking on the body the line of the cord, and producing it down- 
wards, vre shall obtain one line passing through the centre of gravit}’. 
Bating the experiment, with a diflferent point of suspension, we 
shall obt^ a second line containing tlie centre of gravity : conse- 
quently, the intaaection of these two lines wiU be the centre of ffra- 
vi^ctftfcebo^. ^ 



9. To find the centre of gravity of a polvgon. 

Let the pedygon be divided into triangles bv diago- 
nals drawn from any angle, and let the centre of > 

gravity of these triangles be found (Ex. 6) ; \ T / 

let A, B, C lie the centres of gravity; join BC, and \ A / 
cut the joining line in X inversely as the weights \ / 

of the fir^ two triangles; join XA, and cut it in Y \ < 

tlurd tmngle. The point T is the centre of gravity of 





V 


12. If a and h denote the parallel faces of a trapezium, and h the 
perpendicular distance between them ; prove by Prop. x. that if X and 
Y denote the distance of its centre of gravity from a and h respec- 
tively : 



3 


26 + a 
a + 6 ’ 

2a + 5 
a 4 - 6 * 


13. The centre of gravity of a trapezium lies on the line joining the 
points of bisection of its parallel sides, and divides that line in th^ 
ratio 2a + 6 : 2,6 + a. 

This famous theorem was first proved by Archimedes in the xvth 
Prop, of his First Book on Equilibrium — nipt iTCLTridiav taopport- 
KCiVf rl KEvrpa^p&v, 


14. Let a and 6 denote the diameters of the non-ctmcraitric spheres 
forming a shell; and let D denote the distance between th^ eantr^; 
find the distance of the centre of gravity of tiie shdl from the centre 
of the sphere whose diameter is a. 

b^D 

^ a3 — fe3‘ 


15. A bar of iron 15 inches long, weighing 12 lbs., and of uniform 
thickness, has a weight of 10 lbs. suspended from one extremity ; 
where must a fulcrum be placed that it may just balance upon it ? 

Ans. 4.-^ in. from the weight. 

16. A straight bar is used in the experimental proof of the compo- 

sition of parallel forces, its length is f, and its weight W ; if any two 
weights Pand Q be suspended from its extremities ; find the distance 
X otF from the fulcrum, which will verify the law of compo^&m <€ 
parallel forces. ^ I % Q 4 ^ 

Ans. a? = - X •=:: — ^ 

2 P+0+ W' 


S8 


OH" PAEALLEL EOECES. 


ly. If a tetrahedron M, M', M'", be formed by joining the cen- 

tres of gravity of four masses «i, m\ wi'"; prove that these masses 
are profX)rtional respectively to the tetrahedrons, whose common ver- 
tex is the centre of gravity of the four masses, and whose bases are 
the r^pectively opposite faces of the tetrahedron M, M', M'', M'". 

18. Seven bodies of equal weight- are placed so that their centres of 

gravity coincide -with as many angles of a cube, whose diagonal is a ; 
find the distanc® of their common centre of gravity from the unoccu- 
pied angle of the cube. ^ 4a 

Ans. — . 

7 

19. A bar of uniform thickness wdghs 10 lbs., and Is 5 ft. long; 
weights cf 9 lbs. and 5 lbs. are suspended from its extremities ; on 
iffatt point will it balance ? 

Ans. The centre of the bar is 5 in. distant from the fulcrum. 


20. A beam 30 ft. long balances itself on a point at oiie-tbird of its 
iMgth from the thicker end ; but when a weight of 10 lbs. is sus- 
pended from the smaller end, the prop must be moved two feet to- 
wanfe it,-m ecder to maintain the equilibrium. Pind the weight of 
tte hmm» Ans. 90 lbs. 

ar. A uniform bar, 4 ft. long, weighs 10 lbs., and weights of 30 lbs. 
and 4Dlb®. are append^ to its two extremities; where must the ful- 
be fdaeed to produce equilibrium ? 

Jms. The fulcrum is 3 in. distant from tbe centre of the bar. 


22. A bar of iron, of uniform thickness, 10 ft. long, and weighing 
if cwt., is OTpported at its extremities in a horizontal position, and 
carries a wdght of 4 cwL suspended from a point distant 3 ft. from 
me extenity. Find the pressures on the points of support. 

Ans. 3.55 cwt. 

^•95 » 

23- A farwgute ^ab ei uniform thickness is supported at its three 
m^isT peiafs. Whatever be the fmmi of the triangle, the pressures 

» itai props are ^ 


24. AMr, mcb foot m length of which weighs 7 lbs., rests upon 
a Wcram distant 3 ft from one extremity, what must be its length 
ttat a waglit of 7i| ihs. su^nded from that extremity mav iust b^ 
i»laii«i bj 20 Ite. suspended from the other. Ans. 9 ft; 

25 < m the hdght from the ground of the centre of gravity of 
« Wmm iwmsd lour aght-inch shells touching each otto r 


Ans. 4 + 2 


= 5-^32 in. 



Ans, Its distances from the sides 3 and 4, are and i re- 

spectively. 

28. A heavy triangle ABC is suspended successively from the 
angles A and B, and the two positions of any side are found to be at 
right angles to each other. Prove that 

5c 2 =: <22 4. ja. 

29. A body P suspended from one end of a lever without weight is 
b^nced by a weight of i lb. at the other end of the lever ; and when 
the fulcnim is removed through half the length of the lever, it re- 
quires 10 lbs. to balance P; determine the weight of P. 

Ana. 5 lbs. or 2 lbs. 

30* A line is drawn cutting off one quarter of a square, whose 
side is a, find the distance of the centre of gravity of the remainder 
of the ^uarefrom the centre of gravity of the whole square, (i) when 
the line is parallel to a side of the square, (2) when it is parallel to 
a diagonal of the sqaare. y— 

jO 3V 2- 2 

Ans. and a x . 

« 18 

31. On a uniform straight bar weighing 5 lbs., and 5 ft. long, 

weights of I, 2, 3, 4 lbs. are hung at the distances i, 2, 3, 4 ft. re- 

spectively from the extremity. Find the distance from the centre of 
the bar, of the fulcrum, on which the whole will rest. Ans. 4 in. 

32. The greatest angle of a given isosceles triangle is 120®; from 
the vertex and from the middle points of the equal sides perpendicu- 
lars are drawn on the base ; supposing the perimeter of the triangle 
and the perpendiculars to be miiform rods of the same material, find 
the distance of the centre of gravity of this framework from the ver- 
tex, the perpendicular from vertex being a. 
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CHAPTEE III. 


ON MACHINES IN EQUILIBRIUM. 


T Princiole on which Equilibrium of Machines is determined.— 
2 tL Lever.— 3. The Wheel and Axle.— 4* The Inclined Plane. 
-I5. The Moveable Inclined Plane.— 6. The Screw— 7. The 
Pulley. 


I. Principle on which EquiUhrium of Machines is 
determined.— A macliine is an instrument by means of 
wMci. pressure or motion may be transmitted from one 
point to another, and altered both in magnitude and di- 
rection. In all macbines there are two forces to be con- 
sidered *. first, the Power applied to the machine ; and, 
secondly, the Eesistance, to overcome which the Power 
is used. Two forces will not equilibrate each other un- 
less they be equal and opposite, from which it might be 
supposed that the Power and Eesistance should be equal 
to each other. This would necessarily be the case if the 
machine were free, i. e. not in contact with, fixed points 
or surfaces. But as all machines contain fixed points or 
fulcra, and sometimes fixed lines or surfaces, and as 
these are capable of resisting pressure, and so supporting 
part of the Eesistance, it foUow’s that the Power may be 
less than the Eesistance, and bear any ratio to it, accord- 
ing ix> the position of the fixed points or surfaces. It is 
to observed, that while fixed points are capable of 
roasting pressure in all directions, fixed lines and sur- 
face can only do so in a direction at right angles to 
thensdves. The principle, according to which the equi- 
librium of machines is to be found, is contained in the 
following Proposition : — 


PEOPOSITION XI. — THEOKEM. 


the Power and Resistance he considered as two forces applied 
to the machine, and let the direction of their resultant be determined; 



There are some machines of simple construction, com> 
monly called the Mechanical Powers, to one or other of 
which, or to combinations of which, every machine, how- 
ever complicated, may be ultimately reduced. They 
may be classified as follows : — 


I. The Lever, including 

IT. The Inclined Plane, 
III. The Cord, . . . 


r I. The Lever proper. 

1 2. The Vheel and Axle. 

3. The Inclined Plane. 

4. The Wedge. 

5. The Screw. 

6. The PuUey. 


They are six in number, reducible to three distinct 
machines, involving distinct principles. 

It would be impossible to discuss all the combinations 
of these powers that occur in practice ; we shall, there- 
fore, devote a section to each power, and add some ex- 
amples which will show how the combinations are to be 
discussed. 


2. The Lever. — ^A Lever is a rigid bar, 
capable of motion about a fixed point or 
axis, which is called the fulcrum. There 
are three kinds of levers. 

In the first kind, the fulcrum P is si- 
tuated between the points P and E, at 
which the Power and Eesistance are applied. 

In the second kind, the Eesistance is applied at a 
point situated between the fulcrum and the point at 
which the power is applied. 
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In tlie third kind, the point at which the power is ap- 
plied is situated between the fulcrum and the point at 
which the resistance is applied. 

In each of these cases there is a fixed point (viz., the 
fulcrum F) in the system; consequently, by Prop, xi., 
the resultant of the Power and Besistance must pass 
through this point, which therefore supports a strain 
whose magnitude is measured by this resultant. 

If the Power and Eesistanee be parallel in direction, 
and be applied perpendicularly to a straight lever. 

The Fow&r u to the Resistance inversely as the a/rms of 
the lever. 

Por, by Prop, xi., the resultant of the forces P and R 
passes through the point P, and therefore, by Prop, u., 

P ; P : : PE : PP. 

— Q. E. n. 

If the arms of the lever be equal, then it is requisite 
for equilibrium that the Power and Eesistanee shall be 
also equal 

This case occurs in the common ba- 
lance, in which the Power and Eesist- 
ance are the weights in each pan of the 
scales ; if the balance he true, the arms 
are equal, and therefore the weights are 
also equal ; but if the arms be unequal, 
the weights will be also unequal in the 
inverse ratio. The simp lest mode of 
dete^fing a felse balance is to tenspose 
the Wights ; for they cannot counterbalance each other, 
when transposed, unless the arms and weights he both 
equal 

Bendes the balance with equal arms, there are other 
balm(^ in common use for ascertainiDg the weights of 
bodies for commercial purposes. The Roman Bteelyard 
m one of these. It consists of a beam, or bar of iron, rest- 
ing u^n a pivot P, and having one arm longer than the 
To the extremity of l£e shorter arm is attached 
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a scale-pan, and the position of the pivot is so adjusted 
that the weight of the scale-pan and shorter arm balances 
the weight of the longer f p 

arm ; a weight or counter- ' ’ " ” 

poise P can be moved along M ™ 

the longer arm of the balance, 
while the commodity to he 

weighed is placed in the scale-pan. "When the coun- 
terpoise balances the contents of the scale-pan, it is evi- 
dent, from the principle of the lever, that their weights 
will be as to PP ; but the first and third terms of 
this proportion are constant, viz., the counterpoise P, 
and the distance EP ; therefore, the second and fourth 
terms of the proportion bear a constant ratio to each 
other ,* i. e, the commodity to be weighed is proportional 
to the line PP. By dividing the latter into equal parts, 
we can therefore determine the weight of a given ar- 
ticle. 

Another balance of this ^ 


kind in common use is the 
Banish ■ Balance^ which 
differs from the Roman 
Steelya/rd in having its 
fulcrum P moveable, and 



the counterpoise P fixed at one extremity ; to the other 
extremity is attached a scale-pan. In order to graduate 
the beam, we place successively i, 2, 3, &c. lbs. in th^ 
scale-pan, and mark the point on the beam at which the 
fulcrum must be held so that the beam shall be horizon- 


tal; at these points we engrave the figures i, 2, 3, &c.; 
the intervals between these figures must be divided by 
adding ounces to the corresponding pounds weight in 
the scale-pan, and so dividing the intervals expeiimen- 
tally. The intervals between the figures i, 2, 3, &c., 
will not be equal, as in the case of the Roimn Steel- 
yard. 

If the lever be not straight, or the power and resis- 
tance R and Q be not applied parallel to each other in 

n 
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r “ tSZ”^ “"•«« «P«et« ao .^etn, 

directions of the 
Power and Resis- 
tance to meet in tlie 
point 0, and from 
0 draw on through 
the iulerum ; it fol- ^ 
iow-s, from Prop, p 

raat this line is ’ B q 

fore, •‘•lee'S.'fulani "^ ^ ‘S'* ®. «>1 there. 



or. 


Or, 


-PP = % 

-^ •• <2 ; : g : 


Safe, tb. 
^‘.pp3S'o™‘SJStyof?i“‘*‘“” “'the Beei,- 

tte Power which shoulfr b^ann^M ^ determine 

to tile o^osite extremity so +“ ® direction 

• ■ Md. Knowing in ma^fh,f f it- 

and Eesistanee mplied to <^ection the Power 

iate in magnitudf^d ^ «aicuf 

crum: "la Hrection the strain on the fal- 

- . EXAKPXEs, 

•‘^SSSHessssr?* 



ON llACiriNES IN EQ.UILIBRITJM. 


45 


Find the amount of the force which should he applied to the other 
extremity of the lever, at an angle of 27®, so as to balance the given 
resistance. Ans. 85.9 lbs. 

2. Let the Eesistance be caused by a nail fastened in a board, and 

be equal to 2 24 lbs.; let the lever used to draw it be a hammer, which 
measures 2 in. from the point where the claw grasps the nail’s head to 
the fulcrum, and let the handle be 13 in. long. Find the force to be 
applied perpendicularlj’’ to the extremity of the handle, which will ex- 
actly counterbalance the resistance. Ans. 34.46 lbs. 

3. In a lever of the First Order, let the Power be 217 lbs., the Re- 

sistance 725 lbs., and the angle between them 126°. Find the strain 
on the fulcrum. Ans. 622,7 lbs. 

4. In a lever of the Second Order, let the Powder and Resistance be 

310 lbs. and 422 lbs,, and tlie angle between them 37 ° ; find the strain ' 
on the fulcrum. Ans. 255.4 lbs. 

5. In a lever of the Third Order, let the Power and Resistance be 

217 lbs. and 100 lbs. ; and the angle between them 42®; find the strain 
on the fulcrum. A71S. 157.6 lbs. 

6. If the Power and Resistance in a straight lever of the First Order 

be 17 lbs. and 32 lbs., and make with each other an angle 0179°; 
tind the strain on the fulcrum. 39 lbs. 

3. The Wheel and Asde. — The wheel and axle is 
one of the simplest and most usefal of the modihcations 
of the lever : it consists, as its name expresses, of a large 
wheel, or simply spokes fastened perpendicularly on an 
axle, which is supported by two rings or sockets, in 
which it revolves, which act as fulcra, and must sustain 
the pressure caused hy the resultant of the Power and 
Eesistance. The Power is applied to the circumfe- 
rence of the wheel ; and the Ptesistance to the circum- 
ference of the axle; in directione at right angles to their 
radii. 

The fignre on the next page represents a cross section 
of the wheel and axle, in which OP' is the radius of the 
wheel, OE' the radius of the axle, and P and E the 
Power and Eesistance, both acting vertically down- 
wards, It is evident, from inspection of the figure, that 
P'E' may he considered as a lever of the first order, hav- 
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ing its fulcrum at 0, and the weights^ P and B applied 
at its extremities; hence, the condition — 

requisite for equilibrium in the wheel and 
axle may be expressed as follows : — r Y I 

There will le equilibrium in the wheel r w j 

and axle when the Tower is to the Ilesis- y/ 

tance as the radius of the axle is to the ra- 
dius of the wheel. 

One of the most common examples of ^ 
the wheel and axle HihewindlasS) in which 
the Power is applied by means of a winch-handle or spokes. 


If the labourer 
who turns the 
handle exert 
his force al- 
ways at right 
angles to it, 
the conditions 
of equilibrium 
in the windlass 
will be precise- 
ly the same as 
in the wheel 



and axle ; for the winch-handle describes a circle which 
•corresponds with the wheel, provided the force act per- 
pendicularly to the radius. 
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aHe spokes against wkicli a pressure is exerted by 
means of men pushing with their slionlders, the instru- 
ment is called a eapstan, and the conditions of equili- 
brium are the same as in the wheel and axle. This in- 
strument is used on board ship for raising the anchor. 

If a small wheel with cogs, or teeth, 
be placed upon the axle, and this be 
made to work into a Tertical bar fitted 
with cogs, this combination is also an 
instance of the wheel and axle ; it is 
called the rach and pinion, and is evh 
dently the same as a windlass, in 
which the Eesistance is applied by 
means of cogged wheels instead of by 
means of a rope or chain ; the mecha- 
nical effect of both instruments is the same. 


EXAMPLES. 

1. What foi-ce will be required to work the handle of a windlass, 
the Resistance to be overcome being 1 156 lbs., the radius of the axle 
being 6 inches, and of the handle 2 feet 8 inches 

Ans. 216.75 

2. A weight of 17 lbs. just balances a weight of 79 Ib.s. on a wheel 

and axle. What wdll be the radius of the axle, if that of the wbcel 
be 17 inches? Ans» 3.65 inches. 

3. Sixteen sailors, exerting each a force of 29 lbs., push a capstan 

with a length of lever equal to 8 feet, the radius of the capstan being 
I ft. 2 inches. Calculate the resistance which this force is capable of 
su.staining. Ans. 1 ton, 8 cwt. i qr. 17 lbs. 

4. Supposing them to have wound the rope round the capstan, so 
as that it doubles back on itself, the radius of the axle is thus in- 
creased by the thickness of the rope. If this be 2 inches, how much 
will the Power of the instrument diminished ? 

Ans. By one-eighth; or i2| per cent. 

5. The Resistance of a sluice-gate, to which a cogged rack is at- 

tached, amounts to i ton; if this be raised by means of a winch and 
pinion, having for radii i ft. 7 inches, and 2.5 inches, respectively, 
calculate the power which must be applied to the handle, so as just 
to sustain the Resistance. Ans 294.73 ^^8* 
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4, The Inclined Plane.— The inclined plane is a 
plane which makes an angle with the horizon, which 
angle is called the inclination of the p 

plane; thus, if AC be an inclined 
plane, andABbe a horizontal plane, 
the angle BAG is called the inclina- 
tion of the plane AC; and if from 
any point C a perpendicular CB be A' 
let fall upon the horizontal plane, 
the line CB is called the height of 
the plane, AB is called the base, and AC the length of 
the plane. It is usual with engineers to measure the 
inclination of a plane by the ratio which its height bears 
to its length, i. e. by the sine of the inclination. For 
example, if CB be the tenth part of AC, the inclination 
of the plane is expressed by saying that it is one in ten ; 
i. e. a man should walk ten yards up the plane before 
he would have ascended one yard in vertical height ; 
the inclination of a plane, when so expressed, is some- 
times called the gradient. In the inclined plane we 
have an example of a fixed surface in a machine ; this 
surface will destroy all pressure applied to it in a per- 
pendicular direction, and by means of this consideration 
we can easily solve the problem of the inclined plane. 

This problem maybe thus stated : a heavy body being 
placed upon an inclined plane; given the direction of 
the force apphed to it, to find the magnitude of the 
Power which will sustain it on the plane. 

The general case of this problem will be discussed in 
the examples appended to this section ; ~ for general 
readers it will be sufidcient to discuss the two cases 
.which most commonly occur: viz. — the case in which 
the Power is applied in a direction parallel to the plane, 
and the case in which the direction of the Power is pa- 
rallel to the base of th.e plane. 

ist Case. — Let W be a body placed on an inclined 
plane AC ; lot a force be applied to sustain it, by means 
of a cord passing over a pulley P, in the direction OP, 
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parallel to the plane ; and for simplicity let ns suppose 
that the cord is attached to the centre of gravity 0, of the 
body V. 

The Power in this case acts in the direction OP, and 
the Pesistance or weight in the yertical direction OE; 
by Prop. XI. the resultant of these two forces must be 
perpendicular to the plane AC; let OY be drawn per- 
pendicular to the plane. The problem is therefore re- 
duced to the following : knowing the directions OP and 
OEoftwo forces, and the direction OY of their resultant; 
also knowing one of the forces in magnitude, viz., the 
weight W ; to calculate the magnitude of the other force 
and resultant. This may be done as follows : let OE' 
be measured off, containing as many inches as there , are 
pounds in W, and let the paraEelogram E'OP^Y' be com- 
pleted ; then OP' wiU represent the Power, and OY^ the 
resultant, which, by Coroll. Prop. xi. is equal to the 
pressure on the plane; but the tiiangle OP'V' is similar 
to ACB, because P'OY'is right, and OPY^ equal to ACB 
(Euc. I. 29), therefore OP' is to P'Y' or OE', as BC is 
to AC ; or t/ie Fower is to the Resistance as the height oj 
the ^lane to its length. 

2nd Case. — ^LefWbe a body supported #n an inclined 
plane AC by means of a force acting in the direction OP, 
parallel to the base of the plane. By what was stated 
in the preceding case, it appears that the Power and 
Eesistance, and their resultant, act in the known direc- 
tions OP, OE, and OY ; and that 
the Eesistance, or weight "W, is 
known in magnitude ; let OE' be 
measured off as before, to repre- a. 
sent it, and the parallelogram 
OE'Y'P' completed; then OP' and 
OY' will represent the Power and 
resultant pressure on the plane AC; but the triangle 
OP'Y' is similar to ABC : therefore OP' is to P'Y' or 
OE', as CB is to BA; i. e. The Rower is to the Resistance, 
as the height of the jglane to its hose. 
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Let the force he applied in any direction 
OP, to sustain the body W on the inclined 
plane ; then, as before, the directions of the 
Power, Resistance, and Resultant are known, 
viz., OP, OR, and OV ; and the magnitude 
of the Resistance is known ; therefore, the 
magnitude of the Power and Resultant can 
he calculated : let OR' represent the Resist- 
ance, then completing the parallelogram 
OR'Y'P', OP' and OY will represent the 
Power and Pressure on the plane; but OP 
is to PV' or OR', as sine ROV is to sine POV ; ^ 

and ROV is equal to the inclination CAB, because OR and O v are 
perpendicular to AB and AC respectively; also POV is the angle 
made by the Power with the perpendicular to the plane; therefore, 

finally The Power is to the Resistance, as the sine of the inclination 

is to the sine ofihe angle made by the Power with the perpendicular 
to the planer 

I. A road has a rise of i yard in 62 ; calculate the number of 
minutes and seconds in its inclination. Ans. 55 ^7 • 

3. If the inclination of a road be 4°, find a number which shall 
bear to unity the ratio of the length to the height. Ans, 14.33. 

3. The longesl^nclined plane in the world is the road froui Lima 
to Callao, in S. America ; it is 6 miles long, and the fall is 5 1 1 
feet. Calculate the inclination. Ans, 55' 27", or i yard in 62. 

4. If the force required to draw a waggon on a horizontal road 
be i^th part of the weight of the waggon ; what will be the force 
required to draw it up a hill, the slope of which is i in 43 ? 

Ans, th part of the weight 

14*11 

5. If the force required to draw a train of carriages on a level 

railroad be ^th part of the load; find the force required to ascend 
a gradient of i in 56. Ans, ^^^th part of load. 

6. What* force is required (neglecting friction) to roll a cask 
weighing 964 lbs. into a cart 3 feet high, by means of a plank 14 
feet long resting against the cart? 

Ans. The force must exceed 206 lbs. 

7. Let the angle POV be loi®, and the inclination of the plane 
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6® ; if the Weight W be 2 cwt. i qr. 17 lbs. — find the power neces- 
sary to sustain it. Ans. 28.64 lbs. 

8. If the angle POY be 120®, the inclination 2°, and the weight 
31 tons ; find the power. ^ns. r ton, 4 cwt. 3 qrs. 26 lbs. 

9- Let the angle POV be 167®, and the inclination i in 26, the 
weight being 22 tons; find PoAver. Ans, 3.761 tons. 

10. If a waggon weighing 2 tons, 14 cwt., rest npon an incline 
of I in 27 ; find the pressure upon the road. 

Ans. 2 tons, 13 cwt. 3 qrs. 23.8 lbs. 

11. If the force required to overcome friction at a given t^peed 
npon a horizontal railroad he 10 lbs. per ton, and the similar force 
npon a turnpike road 236 lbs. per ton; find the effect produced 
npon both by a gradient of i in 21, and show why the gradients 
on railroads should be much less than on common roads. 

Ans, The force on railroad is increased to 116.6 lbs. per ton. 

turnpike „ 342.6 lbs. per ton. 

Hence, it appears that the force on the railroad should be in- 
creased more than eleven times, while the force on the turnpike 
road should be increased less than one and a half times. 

5 . Tile Moveable Inclmed Plane or Wedge. — The 

inclmed plane, considered in section 4, was a fixed plane 
of indefinite dimensions : we shall now consider an in- 
clined plane of fiLnite dimensions, placed upon a horizon- 
tal plane, npon which it is capable of slitoig. Let LE 
he the Horizontal plane on which the moveable inclmed 
plane ABC is placed. Let P he a rod throngh which 
the Resistance is applied to the plane at the point 0, 
and let ns suppose, for simplicity, that the Power is ap- 
plied to tlie back of the plane in the direction PC, paral- 
lel to tHe base AB. 

In this system we have 
two surfaces, LE and 
AC, one fixed and the 
other moveable, hut 
each capable of sus- 
taining pressure in a 
perpendicular direc- 
tion only. The Re- 
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sistance acting througli the rod T must therefore pro- 
duce its effect upon the plane in the direction OY ; •while 
the pressure resulting from the Power and Eesistance 
must be sustained by the fixed plane PE, and act in the 
direction OE. We know, therefore, the directions of 
the Power, and of the two pressures on the planes AC 
and PE ; and we also know the magnitude of the Power; 
we can therefore calculate the magnitude of the pres- 
sures on AC and PE as follows: Measure off the line 
OP', containing as many inches as there are pounds’ pres- 
sure in the Power, and complete the parallelogram 
P'OY'E'; OY' and OE' will represent in magnitude the 
pressures on the planes AC and PE.’ But the triangle 
FOE' is similar to ABC, and therefore OP' is to OE' as 
BC is to BA ; i. e. The Tower is to the Tressure on the 
horizontal ^lane as the hoight of the moDeable ^lane is 
to its lose. In Hke manner it appears that OP' is to 
OY' as BC is to CA; i. e. The Power is to the Pressure 
on the moveable plane as the height of the plane is to its 
length. . . . • 

The moyeahle inclined plane, which has just been 
described, is the wedge, provided the Power applied 
be a pressure, and not a blow; but as the latter is 
the practical method of using a wedge, and as the 
theory of the moveable inclined plane does not apply 
to such forces as impacts, we shaU. omit the consi- 
deration of the wedge, when acted on by impact, and 
proceed to a most important example of the moveable 
inclined plane, which is called — 

6. The Screw.— The screw is a moveable inclined 
plane wrapped round a circular cylinder. In order to 
explain the mode of its action, we shall suppose the 
figure in p. 5 1 to be wrapped round a vertical cylinder. 
The base DE being fixed, if a Power OP' tending to turn 
the screw round be applied, the Eesistance will react at 
the point 0 in two directions, with pressures measured 



wuuL De to tne circumierence oi me cy- d a: 
linder as CE is to EA. Hence, Tim 
Power ajpplied at the circumference of cy- 
linder is to the vertical Resistance, as the 



interval letween the threads is to the circumference of the 


cylinder. Take, for example, the screw-press; resist- 
ances similar to E are applied at each point of the thread 


of the screw A, hy means o£a nut E, which is tapped 


with a screw that fits 
into the thread cut 
on the cylinder ; this 
nut, together with 
the uprights H and 
supports the re- 
sistance caused- hy 
the substance pressed 
between the plates 
E and E, and the 
power is applied at 
the extremity of a 
lever attached to the 
screw. This power 
bears to the power at 
the circumference of 
the screw the same 



ratio that the radius of the screw bears to the radius of 


the circle described by the Power, on the principle of 
the wheel and axle ; or the same ratio that the cir- 
cumference of the screw bears to the ciroumforenoe of 


the circle described by the Power. Hence, the Power 
is to the Eesistance parallel to the axis of the screw, in 
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a ratio compoimded of the ratio of the interval between 
the threads to the circnmference of the cylinder, and of 
the circnmference of cylinder to the circnmference of 
cmcle desciibed by Power ; i e. The Totoer is to the Me- 
sistanee parallel to the axis, as the interval between the 
threads is to the circumference of circle described by the 
Power, 

EXAMPLES. 

r. To jind the ratio which the Power bears to the Pressure perpen- 
dicnlar to the thread of a Screw. — It appears from section 5, that 
the Power is to the Pressure, on. the moveable inclined plane, as 
the height to the length, of plane; hence, in the screw p. 53), 
PO is to OW as CB is to CA; or as the interval between the 
threads is to the length of thread in one turn of the screw. Hence, 
the Power applied at the circun^jference of cylinder is to the pres- 
sure on the thread, as the interval between the threads is to the 
length of thread ; this ratio must be compounded with the ratio of 
the Power at 0 , to the Power at the circumference of winch. 
Hence, — 

The Power is to the Pressure on the thready in a ratio compounded 
if the ratio of the interval between the threads to the length of thread 
in one turn of the screw ,* and of the ratio of the radius of the screw to 
the radius of the circle described by the Power. 

• interval between the threads of a screw be J^-th of an 

inch, and the circumference of the circle described by the Power be 
2 feet ; what Resistance will a Power of 13 lbs. sustain? 

Ans. I ton, 10 cwt. 2 qrs. 16 lbs. 

3 * 1 ^ interval be |-th of an inch, and the diameter of the circle 
d^cnbed by the P ower be 2 feet ; find what Resistance a Power of 
17 lbs. will sustain. ^ tons, 3 cwt. 

interval be fths of an inch, and the radius of the circle 
nescanbed by the Power be 2 ft.; find Resistance which a Power of 
32 cwt. will sustain. 643 tons, 8 cwt. 

5. If there be 19 turns of a screw in i|th inch, and if the handle, 

I ft. 5 m. in length, be worked with a Power of 2 cwt. r qr. 17 lbs. : 
find the Resistance. • 149.9 tons. 

6. The interval between the threads is |th of an i«eh, and the dia- 
meter of the cylinder is i inch, and a Power equal to 130 lbs. acts 
in a circle xvhose circumference is 3 feet; find the Pressure on the. 
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, thread of the screw. The Pressure is, by Example i, equal to the 
Power, multiplied by the ratio of length of the thread to the interval 
between the threads, and of the circumference of the circle described 
by Power to the circumference of the cylinder; i. e. equal to 139 lbs. 
multiplied by (the numerator of this fraction is the length of 
the thread, which is equal to the square root of the sum of the squares 
of the interval between the threads and of the circumference of the 
cylinder), multiplied by equal to An$, 30066 lbs. 

7 * The interval between the threads of a screw being ^th of an 
inch, and the diam. of cylinder |ths of inch; find length of thread in 
14 revolutions. Arts, 16.512 inches. 

S. The interval being -Ithinch, and the diam. ^^inch; find length 
of thread in one revolution, Ans, 5.90 inches. 

9* A pressure of 5 tons is exerted at the back of a moveable in- 
clined plane, having an inclination of 2° ; find the weight which this 
force will sustain, Ans. 143 tons, 3 cwt. 2 qrs. 21 lbs. 

10, Find, in this case, the pressure sustained by the inclined plane. 

Ans. 143 tons, 5 cwt. I qr. 8 lbs. 

• 7. Tlie Pulley. — force may be transmitted from 
one point to another by means of a cord, and if there 
were no friction, this force might he transmitted nndi' 
niinislied in any direction. In order to diminish friction 
in thus transmittiag a force fi:om one point to another, 
by means of a cord, we make the cord pass over a wheel 
with a groove cut in its circumference, which turns with 
the cord, and so di m inishes the fiiction. This wheel is 
called the sheaf, and the wooden frame in which it 
works, and to which its axle or pivot is fastened, is 
called the hloeJc of the pulley. The principle on which 
the equilibrium of a system of pulleys is determined is 
the following : — 

The tension of each cord employed in the system is 
constant, and equal to the Power applied at its extremity. 

The single moveable Pulley is represented in. the an- 
nexed figure, which is iutelligible without any descrip- 
tion. The power applied at P produces a constant ten- 
sion through the whole cord; this is denoted by the 
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figipe I placud Reside each portion of the cord. The 
weight E is attached to the moveable 
pulley, and since the block of this 
pulley is supported by two tensions, 
parallel in direction, and each equal 
to the Power, it is plain that this 
block is capable of sustaining a weight 
equal to twice the Power applied. 

The fixed beam AE must support, 
by Prop. XI., a strain equal to the 
resultant of the Power and Eesist- 
ance ; and since these are parallel in 
direction, the strain on the beam will be three times the 
Power. This is shown by the figures annexed to the 
points at which the cord and fixed pulley are attached- 
which express the strain on each of these 
points. . /■ 

^ The single moveable pulley may be mo- 
dified by placing in each block several 
sheaves, and passing the cord over the up- 
per sheaf in the fixed block, then under 
the lower sheaf in the moveable block, 
and so on, as represented in the figure. 

The tension of the string being constant 
and equal to the Power, and the moveable 
block supported by six tensions, we shall 
have the Eesistance sustained equal to six 
times the Power,* and in general, where 
there are two blocks, one fixed, and the 
other moveable, Resistcmce or weiffM 
sfjpported wiU he equal to the Fewer mul- 
tiplied hy twice the number of ehea/oes in the 
hloeh 

^ The pulley invented by Smeaton is of this 
kind ,* its two blocks ai'e represented in the 
figure on next page. The cord is attached 
to the upper block at the point marked lo 
it pa^es undm* the sheaf r, then over the 
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sheaf 2, 3, &c., and the Power is applied at ^ 
its extremity after it has passed over the 
sheaf 20. It is evident that in this sys- M y||Jl|y||[ 
tern of pulleys there will he 20 cords sns- IS HSpS! 
taining the lower block, having each a W||yMy 
tension equal to the Power applied. The 
Pesistance is therefore equal to twenty ^ ^ 
times the Power. The fixed beam wiU, 
in this case, sustain a pressure equal to | pilBSli 
twenty-one times the Power. — — 

A system of pulleys which contains | K 
more than one cord is called a Burton, 

One kind of Burton is represented in Fig. i , ** y 

in which there are four cords, sustaining 

tensions, represented by 1, 2, 4, and 8 times the Power 

respectively; the weight sustained being equal to 16 

times the Power. As the sum s 4 2 i 2 

of the Power and Pesistance is a 

therefore 1 7 times the P ower, this <> . . ► o ( . ^ L 

must he sustained by the beam 

AB ; the manner in which this ^1 

is done is represented by the ^ 

numbers placed over the beam, 

which express the strain pro- 4^^ 

diiced at each point of attach- 

ment. 

Combinations of pulleys, such ® 
as we have here described under 
the name of Burtons, are fire- 
quently called by modern Eng- 
lish mathematical writers, sys- W 

terns of pulleys ; of these systems 

of pulleys, or Burtons, it is customary to describe four, 
together with a fifth, called the Spanish Burton, used fox 
a long time in the moving of heavy casks of wine, and 


other goods. • -n* 

The second kind of Burton is represented mlig. 2, in 
which also there are four .cords; but each cord, instead 
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of being fastened to tbe beam AB, is made to pass over a 
fixed pulley, and is then attached to the upper part of 
its own block. The tensions supported by these cords 
are i, 3, 9, and 27 times the Power respectively. The 
weight supported is 8 1 times the Power. The numbers 
above the beam AB denote the strain on each point of 
support; their “sum is equal to 82, i. e. equal to the sum 
of the Powor and Besistance. 



Fig. 2. 


Fig. 3. 


The third kind of Burton is shown in Pig. 3, which 
contains three moveable pulleys and four cords. TMs 
kind of Burton may be regarded as the first kind re- 
versed, the separate cords being fastened into the move- 
able weight instead of the fixed beam. In the particu- 
lar case figured, the weight is obviously 15 times the 




Fig. 4. Fig. 5. 


The two kinds of Spanish Buxton are shown in the 
annexed woodcut (Big. 5); in both there are two cords 
and two moveable pulleys ; in the first, it is evident 
that the weight is four times the Power ; and in the 
second, if we neglect the obliq^uity of the first cord, the 
weight is 5 times the Power. 


v: 
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EXAMPLES. 

r. What Power will be required in a Burton of the first kind 
with four moveable pulleys to sustain a weight of 17 tons 12 cwt., 
neglecting friction, the rigidity of the cord, and the weight of the 
blocks? I ton, 2 cwt. 

2. What Power would be required in a Burton of the second kind 
with 4 moveable pulleys to sustain the same weight? 

Jns. 4 cwt. I qr. 10 lbs. 

3. If a Burton of the first kind contain 1 1 pulleys, what weight 
will 13 lbs. support by means of it? 

Jns. II tons, 17 cwt. 2 qrs. 24 lbs. 

4. A Burton of the second kind contains 7 pulleys; what weight 
will 17 lbs. support by means of it? 

Jns. 1 6 tons, IT cwt. 3 qrs. 2 3 lbs. 

5. Compare the efficiency of Smeaton’s block with a Burton of the 

second kind with 5 moveable pulleys. Ans. 1 to 12.15. 

6. Compare the efficiency of the first and second kinds of Burtons, 

each having 10 moveable pulleys. Ans. i to 57.6. 

The machines which have been described in this chap- 
ter are among the simplest and most useful of those 
which occur in practice. There are many combinations 
of these machines with each other and with other ma- 
chines, which could not be described without entering 
into details nnsuited to the limits we have prescribed to 
ourselves in this work. Those which have been de- 
scribed are snfSci^t to illustrate Prop, xi., and to show 
the- method to he foEowed in investigating the relation 
between the Power and Besistance in other cases* 


Exercises on the EquiUbrium of Maohines, 


I. Find the ratio of the Power to the Weight in the Burton of the 
first kind, with n cords. 

P I 



2Wn.l H- 


+ &C. 


4. Find the ratio of the Power to the Weight in the Burton of the 
third kind, with n cords. 


A?is. 


L 

W 


I 


an _ X* 


5. Find the ratio of the Power to the Weight in the Burton of the 
fourth kind, with n cords. 


P^_ 

W-3»- 


6. If the weights of the pulleys be taken into account, what is the 
relation of the Power to the Weight in the third kind of Burton ? 

Ans. W — P (2« — i) 4 — i')uri 

.4 (2«'2 — l)w2 

4 &C 4 - Wn-l* 


7. If the weights of the pulleys be taken into account in the 
second kind of Burton ; find the relation of the Power to the Weight. 
Jns. 3" X P = W 4 3"“*iai 4- 4 &c. 4 *<?»• 


8. If a power be in equilibrium with a weight, by means of several 
levers, the one acting upon the other; if a, a\ a", &c., denote the 
arms of the levers lying next the power, and 6, 6', b'\ &c., the arms 
lying next the weight ; find the ratio of the Power and Weight. 

P 6 X 6' X 6" ... . 

.4ms. ™ ; ;; . 

W a X a X a .... 


9. If a power be in equilibrium with a weight, by means of a num- 
ber of toothed wheels ; prove that the Power is to the Weight the 
continued products of the diameters of the pinions is to the continiiied 
product of the diameters of the wheds. 

10, In a single moveable pulley, in which the two dii-ections of the 
string are not parallel, prove that the Power is to the Weight as the 
radius of the pulley is to the chord of the arc in contact with the 
string. 
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11. In a Burton of the first kind, in wbich the strings are not pa- 
rallel, the Power is to the weight as the continued product of the radii 
of the pulleys to the continued product of the chords of the arcs in con- 
tact with the strings. 

12. A weight of 21 cwt. r qr. 20 lbs. is to be lifted by means of a 

crane, of which the axle for receiving the rope is a foot in diameter, 
and carries a wheel of 50 teeth, worked by a pinion of 6 teeth. What 
force must a man apply to the handle of the winch by which the 
pinion is worked, and of which the arm is 16 in. long, in order to 
raise the weight. Ans, 108 lbs. 

13- Tf two bodies resting on two opposite inclined planes, and con- 
nected by a cord passing over a pulley at their common summit, are 
in equilibrium, prove that the pressures on the planes are inversely as 
the tangents of their inclinations. 

14. What horizontal force is necessary to support a weight of 
50 lbs., on a plane inclined at an angle of 15“ to the horizon ? 

Ans. 1 3.4 lbs. 

15. In a balance with unequal arms, the true weight of any com- 
modity is a geometric mean between its apparent weights when placed 
in the two scales. 

16. Supposing that 5| turns cause the head of a screw to advance 

two-thirds of an inch, what power applied at the extremity of an arm 
18 inches long will be required to produce a pressure of 1000 lbs. 
upon the head of the screw? ^ns. x.07 lbs. 

17. The arms of a false balance are to each other as 7 to 8, and 
the weight is put into one scale as often as into the other, W mt will 
be the gain or loss per cwt. to the seller ? 

Ans. Loss of i lb. per cwt. 

18. In a system of 4 distinct cords, in which each cord is attached 

to the weight, determine the weight supported, and the strain upon 
the fixed pulley, the power being 100 lbs., and the weight of each 
paUey 5 lbs. Ans. Weight = 15P -f iiar = 1555 lbs. 

Strain = 16P + 1514? = 1675 „ 

19. A system of three similar levers in combination is employed to 
test the strength of a chain cable. Find the ratio of the arms, upon 
the supposition that every ounce in the scale-pan of the last indicates a 
strain of a cwt. all but 4 oz. upon the chain. 

An^. r = 12.137. 

20. In a system of pulleys, where each cord is attached to the 
weight, there are two moveable pulleys, each weighing 2^ lbs. 
What power is required to support a weight of 6 cwt. ? 

Ans. 94.57 lbs. 



meut ot me first cord. 


'Where must the fulcrum be placed in order that a man whc 
ft a weight of 120 lbs. may, with a heavy crowbar (which weighs 
i., and is 5 ft. long), just raise 5 cwt.? 

^n$. The greater arm is 4^^ ft. 

-A. handle, with an arm 2 ft. long, turns an endless screw, which 
St wheel with 60 teeth ; and a chain, supporting a weight of 5 
s coiled up on the shaft of this w^heel, the .shaft being 6 inches in 
ter. What force must be applied to the handle to balance this 
fc ? A71S. -^.ih of a toil, or 23^ Ihs. 
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CHAPTER lY. 

ON FRICTION OR ADHESION. 

I. Angle of Friction. — 2. Laws of Adhesion. — 3. TheLever. — 4.The 
Wheel and Axle — 5. The Inclined Plane. — 6. The Screw. 


I . Angle of Friction. — In the preceding Chapter, we 
have considered the surfaces of two bodies in contact 
to be perfectly smooth, from which it followed that 
the only reaction which could take place between them 
was in the line perpendicular to their surface of con- 
tact. It is well known, however, that we can press 
surfaces against each other ohliq[uely, within certain 
limits, and that they are capable of reacting in lines 
different from the common perpendicular. This pro- 
perty of bodies is due to friction. 


Let 0 A be a beam pressed, 
in the direction of its length, 
against the plane AR ; re- \ 
solve the pressure AD into 
its components, AC perpen- 
dicular to the plane, and \ 

AB parallel to the plane; 

the eompon^t AC is de- iMr 

sferoyed, whatever he its ' 

magnitude, by the reaction ^ ^ 

of the immoveable plane 
AJB ; and the component 

destroyed, either in whole 
or m part, by the friction of the beam against the plane • 

of this force,’ 
contmne; bat when the homontal 
oOTUxment of the pressnre exceeds the friction, the eqni- 



BLUiiues ; i/iiis axjgie ui oujucj[uiL-y ui presBuie is 

called the angle of friction. 

It follows -tom the preceding statenaent, that if we 
draw AP perpendicular to the surface at the point A, 
and with AO describe a right cone 00' round the axis 
AP, equilibrium will continue, between the beam and 
the plane, as long as the reaction AQ between them 
lies inside this cone, and that equilibrium will cease, if 
the line of reaction AE come, outside that cone. 

When the equilibrium is broken between two bodies in 
contact, and they commence to slide upon each other, the 
friction still continues, though somewhat diminished, 
and retards their motion upon each other. This kind of 
friction between bodies in motion will be considered by 
us in the second chapter of the Dynamics, in discussing 
the case of Machines moving uniformly ; and we shall, 
at present, confine our attention to the friction between 
bodies in contact, in which the equilibrium still conti- 
nues, though it may be at the very limit of motion. 
This kind of friction between bodies at rest is commonly 
called Adhesion, 

2. Laws of Adhesion. — W'e owe our knowledge of 
the Laws of Adhesion and Priction to the experiments of 
Coulomb and Ximenes, who used an instrument called 
a Trihometer, for the purpose of measuring the friction. 
It consists of a long horizontal wooden table AA (see 
wood-cut on next page), on which rests a beam EB, 
also of wood, which is loaded, by means of a box D, 
with different weights. The beam is drawn horizon- 
tally by a flexible cord, which passes over a pulley H, 
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and lias suspended to it a scale-pan K, in ■whicli weights 
are placed, and gradually increased untU a weight is 
found which just moves the beam j — this weight is 



the proper measure of the adhesion. The kind and 
breadth of the surfaces of the bodies experimented on 
are varied at pleasm'e, by fastening upon the table, or 
under the beam, plates of various kinds and sizes. The 
following Laws of Adhesion have been fully established 
by such experiments : — 

LAWS OF ADHESIOir. 

1. The adhesion is ''proportional to the presswre. 

2. T'he adhesion varies according to the quality of the 
surfaces in contact, 

3. The adhesion varies according to the duration of the 
contact j cmd increases for a certain time, until it reaches 
its greatest and constant value, 

4. Adhesion depends little y or not at all^ on the "breadth 
of the surfaces in contact n 

Trom the first law of adhesion, it follows that if TF 
be the weight of the beam, and JP the weight in the 
seale-pan that is just suficient to move it, 

P^pW; 


(3) 
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and from tlie second, third, and fourth Laws, it follows 
that the value of depends only on the quality of the 
surfaces, and on the duration of their contact. In new 
wood, even when it is planed, fx is equal to | ; in metals, 
to i ; and in wood and metals, to -I*. When the sur- 
faces are worn hy long ruhhing, the adhesion becomes 
less : thus in woods, from being half the weight, it is 
reduced to one-third ; the adhesion in woods is found 
to be much less when the fibres cross at right angles, 
than when they are parallel to each other ; when the 
fibres so cross, the adhesion is reduced to The ad- 
hesion is greatly diminished by smearing the surfaces 
with unctuous matter, and the greater the consistence 
of the grease the better ; even when the smearing is not 
renewed, so long as there remains any trace of the 
grease, some advantage remains,* and we may regard 
the adhesion as a mean between that of dry surfaces and 
that of surfaces freshly smeared. With regard to the 
increase of adhesion due to length of contact, the adhe- 
sion of woods is found to reach its greatest and constant 
value in one or two minutes : in metals, the time of at- 
taining the maximum adhesion is very short, and almost 
imperceptible ; but in woods in contact with metals, it 
■ lasts several days, and is much prolonged by greasing 
the surfaces. 

The quantity /t, which represents the ratio of the 
Adhesion to the Pressure, is called the coefficient of 
friction, and it can be easily shown to be equal to the 
tangent of the Angle of Priction, 

Let OA be a rod pressed 
against the plane PC in 
the direction AO, with a 
force and let the obli- 
quity, AOP, of the rod 

be the greatest that its 

friction against the plane ^ 
will permit. The angle 
AOP is therefore the angle of friction; let it be called 0. 
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But 


The pressure on the plane is Fcos (p ; 
The friction is JPsin p; 


Friction 

= tan p, 

rressure 


The laws of adhesion were discoyered by Coulomb, a 
distinguished French oficer of Engineers, and were 
founded on experiments made by him at Bochefort, with 
his Tribometer. The results- of these experiments were 
presented in 1781 to the French Academy of Sciences. 
The famous Amontons had previously published with 
the Academy some experiments on friction, in 1699, by 
which he showed that friction was independent of the 
surfaces in contact; but, with this exception, it was 
reserved for Coulomb to make known the Laws of Fric- 
tion, Further experiments were made at Metz by Mo- 
rin, in 1831-34, by direction of the French military 
authorities, the result of which has been to confirm, 
with trifiing exceptions, all the results of Coulomb, and 
to determine with considerable precision the numerical 
values of the coefficients of adhesion, for all the sub- 
stances usually employed in the construction of ma- 
chines. 

The following Table is taken from Morin’s results : — 



ON FRICTION OR ARHESION. 


69 


TABLE L 


Adhesion of Plane Surfaces, which have heen some time in contact. 


Nature of 
Surfaces. 

Fibres. 

State of 
Surfaces. 

Coefficient 

of 

Adhesion. 

Angle 

of 

Adhesion. 

Oak on Oak, - 

Parallel, 
Parallel, | 

Perpendicular, 
Perpendicular, 
Vertical fibres"] 
on horizon- > 

tal, J 

Rubbed with 1 
dry soap, j 
Dry, 

Wet with water, 

Dry, 

0.62 

0.44 

0-54 

0.71 

0.43 

31-48' 
23 45 

28 22 
35 23 

23 16 

Oak on Elm, 

Parallel, 

Dry, 

0.38 

20 49 

Elm on Oak, -j 
1 

Parallel, 
Parallel, | 
Perpendicular, 

Dry, 

Rubbed with 1 
dry soap, / 

Dry, 

0. 69 
0.41 

0.57 

34 37 
22 18 

29 41 

Ash, Fir, Beech, 
Dogwood, on 
Oak, 

^ Parallel, 

Dry, 

0-53 

*7 5 «, 

Iron on Oak, 

( Parallel, 

\ Parallel, 

Dry, 

Wet with water. 

0. 62 
0. 65 

3 r 48 
33 2 

Copper on Oak, 

Parallel, 

Dry, 

0, 62 

31 48 

Iron on Iron, 

Parallel, 

Dry, 

0. 19 

10 46 

Oolite on Oolite, 

Flat, 

Dry, 

0.74 

36 30 

Muschdkalk on 
Oolite, 

1 Flat, 

Dry, 

o- 75 

3S 52 

Brick on Oolite, 

Flat, 

Dry, 

0.67 

33 50 

Oak on Oolite, 

Vertical, 

Dry, 

0.63 

32 13 

Iron on Oolite, 

Vertical, 

Dry, 

0 49 

26 7 



70 


0^ FEICTION OE ADHESIOIT. 


AnotTier metliod of determining the coefficient of ad- 
hesion is due to Buliinger. It consists in finding, by 
experiment, the steepest plane on which the body will 
rest. Let the plane thus found have an inclination 0 
to the horizon ; it is easy to show that this angle <p is 
the angle of friction, and by taking its natural tangent 
we find the coefficient. Por, let W denote the weight 
of the body placed on the plane 0 ; the force which 
draws it down the plane is TFsin 0 ; and the force 
which retains it from slipping is the friction, or TTgos 0 ; 
equating these forces, we have 

/I. = tan 0 ; 

and therefore the inclination of the plane is the angle of 
friction. 


EXAMPLES. 

r. Perronet found bv many trials that bricks placed on a mode- 
rately smooth plane will just rest when its inclination is 40®, Find 
the coefficient of adhesion. 

Ans. 0.839. 

2. Eartli, when put in motion, does not keep its level, but natu- 
rally assumes a declivity from the vertical of 60",. if it be sandy and 
loose ; or 54° if it be of closer texture. Find the limits of tlie co- 
efficients of adhesion. 

Ans. 0.577 to 0.726. 

3. A flat piece of chalk, placed on a boxwood planed ruler, was 
found to commence to slide, when the end of the ruler was raised 7f 
inches. The length of the ruler was 18 inches. Find the coefficient 
of adhesion between chalk and boxwood (planed), and the angle of 
adhesion. 

Ans, 0.477, 25® 30', 

4. A rectangular mass of cast iron rests upon an inclined plane of 
oak, and is upon the point of slipping down it, and also upon the 
point of overturning. Its base is two feet square, what is its height ? 

Ans. 3.225 feet. 

We shall now proceed to determine the ratio of the 
Power to the Eesistauce in some of the machinea de- 
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scribed in tlie preceding cliapter, taking account of the 
friction of adhesion. 

3. The Xiever. — Let a force P be applied to one arm 
of a lever to over- 
come a resistance Q 
applied to the other 
arm, and let r he 
the radius of the 
axle of the lever; 
if a and h denote 
the arms of the le- 
ver, and F the force 
of friction applied at the circnmference of the axle, wo 
shall have, since friction ohowy^ helps the weak&r force, 

Pa^Qh-k^Fr, (5) 

to express the equilibrium of moments rotind the centre 
of the axle. 

The iiiction Pis determined by the following cond- 
deration : — 

Let 0 be the point at which the resultant of P and Q 
intersects the cir- 
cumference of the 
axle — this latter 
must rest upon its 
socket at this point, 
as if it rested on 
the tangent plane 
OA, and was held 
up by Motion — 
therefore the angle 
^ bf inclination of this plane is the angle of adhesion ; 
but the pressure on the plane is (P + Q) cos and 
therefore 

i^= (p + e) ^ cos 0 = (P + G) 




because p = tan 0. 



72 


ON- PEICTIOIT OE ADHESIOIT* 


Substituting this value of in equation (5), we ob- 
tain, after some reduction 


P I ^ I + /A® + fir 

Q I + 

P _ 5 + r sin 0 
Q, a - r sin (j)* 


( 6 ) 

( 7 ) 


Eq^uation (7), wbich is very useful in practice, may 
readily be obtained as follows £:om geometrical construc- 
tion : — ^tbe forces P and Q, instead of balancing round 
the centre^ of the axle, balance round the point /3, found 
by producing their resultant to intersect the lever ; and 
the line is equal to r sin 0 ; it is only requisite, there- 
fore, for equilibrium, to subtract this line from the arm 
a, and add it to the arm h of the original lever; there- 
fore 

P _ 5 + r sin 0 
Q a —r sin 0* 

If three levers act successively upon each other, we shall 
have, using similar notation for each. 


P ^ ^ + rsin0 ^ ^ r' sin 0' ^ V + r" sin 0" 

Q « - r sin 0 ^ a' - r' sin 0'' ^ r" sin 0"' 

If any number of levers, having the same ratio of arms, 
the same radius of axle, and the same coefficients of 
friction act upon each other, we shall have 


P __ + r sin 0 Y 

Q \a- r sin 0/ 


EXAMPLES. 

^ I. The arms of a lever are 10 feet and 3 feet, its axle is made of 
iron, which rests in an oak socket, and is 6 inches in diameter; what 
weight will a power of 30 lbs , applied at the extremity of the long 
arm of this lever, raise ? ® 

Ans. 94.51b. 
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2. If the socket were made of iron as well as (he axle, what weight 

would the power raise? Jns. 98 lb. ' 

3. What weight could be raised, if there were no friction? 

.dws. 100 lb. 

4. If the diameter of the axle be diminished to 3 inches, what 

weight will the power raise? 97.21b. 

4. The Wheel and Axle. — The equations found in 
the preceding section apply to the case of the wheel and 
axle ; a denoting the radius of the wheel, b that of the 
axle, and r the radius of the shaft on which the axle 
turns. 


EXAMPLES. 

1. In a balance with arms each equal to i ft., turning on an axle 

of 2 in. diameter, the coefficient of adhesion is -^th. By how much 
may au apparent exceed a real pound? Jns. ^®g-lb. 

2. A weight of 2 oz. suspended at the circumference of a wheel, 

whose diameter is 6 in., exactly balances 17 02. suspended from 
an axle of diameter 0.65 ir. ; and the diameter of the shaft is 0.20 in. 
Find the coefficient of friction, Jns. sin 0 = i. 

5. The Inclined Plane. — 

If a force P, making au angle 9 
with au inclined plane, whose 
inchnation is i, be applied to 
draw a weight Q up the plane ; 
it is required to find the ratio 
of the Power F to the Ecsist- 
ance Q. 

Eesolving the forces F and Q, up and down the plane, 
and calling F the pressure on the plane, we find 

P cos 9 = Q sin ^ 4 ^ P; 

P= Q cos 1 ~ P sin 



but, 


74 


ON PEICTION OK ADHESION. 


therefore substituting, and reducing 
F fjL cos % + sin i 
Q /A sin 0 + cos 0* 


When the Power acts down 
the plane, at an angle 0, we 
find 

P cos 0 Q sin = fiF; 
and, 

F= Q cos - P sin 
and finally. 



P ^ /t cos « - sin i 
Q /i sin ^ + cos 0* 


Equation ( 1 1 ) may be deduced from (lo) by changing 
the sign of /t, and substituting i8o° - ^ for 0, 

When the force, acts parallel to the plane, as in the 
case of a horse drawing a waggon up or down a hill, 
equations (lo) and (ii) become 


P 

Q 


=:/* 


cos i + sin i ; 


(lo bis.) 


P 

Q 


= /I cos i - sin 


(ii bis.) 


EXAMPLES. 

A box of oak rests on an inclined plane of oak, whicii h 3 feet 
high, and 14 feet long; the box weighs 964 lbs., what force will be 
required to move it, up and down the plane? 

Ans, Up the plane, 700.'? 8 lbs. 

Down „ 377-19 I. 

2. If there were no friction, what force would be requisite to move 
the box up the plane ? 


Am, 206 lbs. 
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3. A force of 100 lbs. is applied at an angle of 40“ to draw an irox. 

bar up an inclined plane of oak, whose inclination is 36^ Find the 
weight it will draw. Aws. 107 lbs. 

4. If the force of 100 lbs. be applied at an angle of 40°, to draw 
the weight down the plane, find the weight it will draw. 

Ans. — 1338 lbs. 

Note. — The negative sign of this answer is caused by the inclina- 
tion of the plane being greater than the angle of adhesion, and denotes 
that the 1338 lbs. are to be supposed placed on the under side of the 
plane, and that their weight acts vertically upwards. 

6. The Screw. — In tlie screw the Power P is applied 
horizontally to move the 
weight Q, placed on an in- 
clined plane whose height is h 
(the interval of the threads), 
and base zirr the circumfe- 
rence of the screw. There- 
fore, resolving along, and 
perpendicular to, the plane, 

P cos t = Q sin ^ + ixF, 
and 



P « <3 cos t + P sin i ; 

substituting this value of P, the pressure, we 
P sin i-v ^ cos i 
Q cos i — pL sin i * 


or 


find 


(12) 


P _ tan i A- fji 
Q I - ytt tan i ^ 


which, by 

substituting 

for {JL its value, 


P 

tan i + tan ^ 



1 -tan^* tan?>’ 

or, finally. 

T> 


P 

Q 

= tan {i + 0). 

But, since 



tan becomes 


(> 3 ) 
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we find, also, 

(.4) 

Q %wT-fx.h 

If the force P he applied in tlie screw, as it generally is, 
not at tlie circumference of the screw itself, but at the 
circumference of a circle whose radius is P, then, com- 
bining the principle of the wheel and axle with that of 
the screw, we shall have 

P _ r h + iTrr fi / s 

Q P* 27rr - fih 


EXAMPLES. 

1. The diameter of a screw-press is 10 feet, the interval of the 
threads is i inch, the diameter of the screw 9 inches, and the coeffi- 
cient of friction is J ; what effort can a press of this kind exert by 
the application of a force of 10 lbs.’? 

Ans, 357.4 lbs. 

2. The interval between the threads of an iron screw is of an 
inch, the diameter of the screw is 2 in., and the diameter of the circle 
described by the Power is 2 feet. Find what weight a Power of 
13 lbs. will lift. 

Ana. 701 lbs. 

3. If there were no friction, what we^^t would the 13 lbs. lift? 

# Ans. 10782 lbs. 

4. A pressure of 5 ton^ is exerted at the back of a moveable in- 

clined plane of oak, having an indinai&ou of 2^. This moveable 
plane of oak slides without friction upon a horizontal plane, and lifts 
a weight by the intervention of an iron fraine-work resting upon it. 
Find the weight lUlOl. * 

A 7 (s. 7.48 tons. 

5* If there were no friction between the plane and the iron frame- 
work, what weight would he lifted by the pressure of 5 tons ? 

dns. 143.35 tons. 



I. Equilibrium of two forces in a plane. — 2. Equilibrium of three or 
more forces meeting at a point. — 3. On the transference of forces, 
in a plane. — 4. On the equilibrium of pairs or twists. — 5. Equi- 
librium of three or more forces in a plane, not meeting in the 
same point 

I. Elquilibrium of two Forces in a Plane. — If two 

forces lie in the same plane, they must either meet in a 
point, or be parallel to each other, i st. If they meet in 
a point> they will always have a resultant, by Prop. i. ; 
and thi^ resultant will not be zero unless the forces be 
equal to each other j act in the same line, and in opposite 
directions, 2 nd. If the forces be parallel to each other, 
it appears from Prop, v., that they will always have a 
residtant, and that this resultant will never he zero, ex- 
cept in the case of two equal, opposite, and parallel 
forces, and that in this case, its point of application is 
infinitely distant, and the pair of forces has no resultant, 
properly so called, but becomes a Twist, or Couple, or 
moment, as it is called by various writers on Mechanics. 


2. Equilibrium of three or more Forces meeting at 
a Point. — Let any number f 
of forces P, F', P", &o., re- ‘ 
presented % the lines OP, 

OP', OP", &c., meet in a 
point 0 ; required to find 
the conditions of their equi- 
librium. Through 0 draw 
two lines OX and OT at 
right angles to each other. 
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and from the points P, P', P'', &c., let fall perpendicu- 
lars Pa?, Pyj PV, Py,* &c. The components of the 
forces F, F\ &c., in the direction OX, are Ox, Ox\ &c. ; 
and in the direction OY, their components are, Oy, Oy', 
&c. ; and since these components are at right angles to 
each other, and therefore exert no mutual influence, it is 
necessary for equilibrium that their respective algebraic 
sums should be equal zero ; therefore, 

o = Oa: + Ox' + Ox'' + &c. 
o = Oy -h Oy + Oy" + &c. 

If \ve denote by a, j3, the angles POX, POY ; by a, 
yS; the angles P'OX, P'OY, &c.; we have for the two 
necessary conditions of equilibrium, 

o = P cos a + P' cos a' + P" cos a + &c. 
o = P cos /3 + P' cos 15'+ P" cos (5"+ &c. 

Hence we obtain the following rule for finding the 
equilibrium of any number of forces in the same plane 
meeting at a point. 

Resolve tlie forces in any direetmi, and cqiiate the sum 
of their components to zero ; and then resolve the forces in 
a direetmi at right angles to the former direction, and 
equate to zero the sum of the components thus found ; the 
two equations so determined contain all the conditions of 
equilibrium, 

3 . On the Transference of Forces in a Flane. 

If a force be given acti^ at a certain point, it is often 
convenient to consider its effect at some other point not 
situated in its direction. In order to consider its effect 
at this other point, it is necessary to examine how a 
force may be transferred from one point to another of a 
plane ; this is done as follows : — 

Let F be a force acting at any point x, and let it be 
required to ascertain its effect at any other point 0. We 
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as a force P applied at that point, together with a pair 
P of equal, opposite, and parallel forces acting at a dis- 
tance p from each other. Hence, 

The effect of any force at a point not situated in its di- 
rection, is equivalent to an equal force applied at that point, 
together with a Twist formed of two equal forces (whose mo- 
ment is Pp), at a distance from each other equal to the per- 
pendicular let fall from the point on the original force. 


4. On the Equilibrium of Twists. — The equili- 
brium of Twists is established by the following Pro- 
position : — 

PROPOSITION Nil THEOREM. 


If a Pair of forces^ or a Twist + P fce situated at a distance p, and 
another Pair or Twist + Q be situated at a distance q, and the Twists 
be, one right-handed" and the other left-handed ; they will equilibrate 
each other, provided P x p equal Q X q. 


For, 1st the forces + P 
and -f- Q meet at 0, and 
the forces -- P and ~ Q 
meet at 0' ; if + P and -f 
Q be compounded at 0, 
their resultant •will pass 
through 0' ; for letting fall 
perpendiculars from 0' on 
+ P and -t- Q, these per- 
pendiculars are equal to p 
and q, and since Pp = Qq, 
by Prop. JIT., the point (./ 
is situated on the liesultant 



of + P and + Q. Compounding in like manner the forces — P and 
— Q at O', it can be proved 'that their resultant passes through 0 ; 


therefore the line 00' is the coimiion direction of the resultants of 
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+ P, -f Q, and of — P, — Q; but these resultants are equal in magni- 
tude, because + Q are parallel, and also + P are parallel; and there- 
fore the two resultants destroy each other, since they act in the same 
line, are equal in magnitude, and opposite in direction. Therefore the 
Twists F X p and Q X q equilibrate each other. — q. e. b. 

CoROLt.AiiY. — Hence the effect of any number of Twists in the 
same plane, Fp, Fp\ &c., is found by taking the algebraic sum of the 
products Fp, Fp\ &c. ; or 

T + Pp + P"/)" + &c. 


5 . Equilibrium of three or more Forces in a Plane, 
not meeting' in the same Point. — ^Let any number of 
forces P, P', P'', &c., act in the same plane, and not 
meet in the same 


point ; the condi- 
tions necessary for 
their eq[uilibrium 
may be thus fonnd. 

Take any point 0 
in the plane, and at 
0 introduce forces 
±P, ±P',±P'', &c., +P^ 
as in section 3 ; we 
shall thus have the 



original forces equivalent to forces P, P^, P^', &c., act- 
ing at the point 0, together with the Pairs or Twists 
Fp, Py, &c., generated by the transference of the forces 
to the point 0 . 

The equilibrium of the entire system is therefore re- 
duced to the equilibriuni of the forces P, P', &c., act- 
ing at the point 0>’-^d the equilibrium of ihe Twists 
Pj3, P'y, &c. 

Hence, hy equation ( 16 ), and Corol. of Prop, xii., 
we find the three following conditions of equilibrium, 
using any two axes OX and OY, at right angles to 
each other. 


O7; 


o = P cos a + P' cos a' 4- &c. 
o = P cos ^ -f P' cos /3' 4- &c. 
o = Pp 4- py + Pp" + &C. 



CHAPTEE I. 

DEFINITIONS AND LAWS OF MOTION. 

Motion, or Velocity. — 2. Quantity of Matter and Motion. — 3. Com- 
position of Velocities. — 4. Laws of Motion. 

I)ns-A3acs is tliat brancli of Mechanics which treats of 
Motion, considered as an effect of force. In Statics we 
compared forces by means of the pressures produced by 
them ,* in Dynamics we are to compare forces by means 
of the motions produced; the first thing to be done is, 
therefore, to explain what is meant by motion or Telo- 
city. 

I. Motion, or Velocity. — The motion or Telocity of 
a body is the rate at which the body is moTmg, and is 
measured by the space passed oTer in a giTen time ; 
such as miles per hour, feet per second, &c. 

In order to haTe a uniform unit of Telocity, it is cus- 
tomary to express Telocities in feet and seconds ; and 
when Telocities are expressed in any other way, they 
should be reduced to their equiTalent value in feet and 
seconds. The unit Telocity is, therefore, the Telocity of 
a body which is moving at the rate of one foot in a se- 
cond. Yelocities are either uniform or variable. A 
uniform velocity is one in which the velocity is constat 
at each instant ; a variable velocity is one in wHch the 
velocity, measured at different instants, is different. 
The velocity of a body, at any instant, is measured by 
finding the number of feet which would be described in 
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a second by a body supposed to moye uniformly at the 
rate at wbich the given body is moving at the given in- 
stant. 

Let V represent the velocity of a body moving uni- 
formly ; i. e. the number of feet it describes in one se- 
cond ; and let S denote tlie number of feet passed over 
in T seconds. Then, 

riS::l:Ti 

i. e. the space described in one second : the space de- 
scribed in T seconds : : 1 second : T seconds. Hence 
(since the rectangle under the means is equal to the 
rectangle under the extremes), 

S^- FT. (i) 

This equation contains three quantities, — space, time, 
and velocity ; any two of these being given, we can cal- 
culate the third. 


EXAMPLES. 

1. A body moves at the rate of 754 yards per hour. Find the ve- 
locity in feet per second. Ans. 0.628 ft. per sec. 

2. A railway train travels at the rate of 40 miles per hour. Find 

its velocity in feet per second. Ans. 58.66 ft. per sec. 

_ 3, A train takes 7 h. 31 m. to travel 200 miles. ' Find its velo- 

Ans. 39.02 ft. per sec. 

4. Supposing the diameter of the earth at the equator to be 7925 

miles, and that it revolves once in 23 h. 56 m. Find the velocity of 
a point at tire equator. Ans. 1525.7 ft. per sec. 

5. Sound travels at the rate of 1090 feet per second. If a gun be 

fired at Holyhead, how long would the sound take to reach Dublin, 
the distance being 64 miles? 5 m. lo s. 

6. A railway train sets out to perform a journey of 347 miles, and 
travels at the rate of 30’|- miles per hour; after travelling 261 miles 
an accident happens to the machinery, which stops the train 2 h. 27m., 
and renders the locomotive incapable of travelling at a rate of more 
than 16 miles per hour. Find the time occupied by the whole jour- 

Ans. 1 6 h. 26 m. 
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7. A steamer going at the rate of 12 knots per hour steams for 4 
days, and then alters her velocity to 13 knots per hour, at ^Yhich she 
continues for 3 days 7 hours. Find the distance in miles she has tra- 
velled at the end of the whole time. Ans. 2507 miles. 

Note . — A knot, or geographical mile, is the sixtieth part of a de- 
gree of the meridian, and contains 6076 ft. in lat. 45®. 

Having defined velocity or motion, we can now ex- 
plain the mode of estimating a force dynamically ; in 
Statics we estimated the magnitude of a force hy the 
number of pounds or ounces it was capable of support- 
ing; in Dynamics we estimate the magnitude of a force 
by the velocity it is capaUe of producing in a given time, 
such as a second. We suppose the force to act con- 
stantly upon the body originALly at rest, for the space of 
one second, and then to cease-; the rate or velocity at 
which the body is then moving is the dynamical mea- 
sure of the force. 

2. Quantity of Matter and of Motion. — The fol- 
lowing definitions should be carefully committed to me- 
mory: — 

Defixitiox. — The specific gravity^ or density of a 
body, is the number which expresses the ratio which the 
weight of a cubic inch of the body bears to the weight of a 
cubic inch of distilled water j at the temperature of 60^ 
Fahrenheit, 

Defixitiox, — The quantity of matter contained in a 
body is the product of its specific gravity and volume ex- 
pressed in cubic inches, feet, &c. The quantity of mat- 
ter is also called the mass of a body, 

DEFixiTroN . — The quantity of motion in a body is the 
product of its quantity of matter j and the velocity with 
lohich all its parts are moving. The quantity of motion 
is also called the momentum of a body. 

The method of finding the specific gravities of bodies, 
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and a Table of specific gravities, are given in tbe Marnial 
of Hydrostatics. Here it is sufficient to give the defini- 
tion of specific gravity, and to add a few examples to 
illustrate the definitions of quantity of matter and mo- 
tion. 

EXAMPLES. 

1. The specific gniTity of lead and copper being ri.35 and 8.90, 

respectively (i. e. the weight of a cubic inch of water at 60® F. being 
unity, the cubic inch of lead and copper will weigh respectively 
n *35 8.90}; find the,^tio of the quantities of matter con- 

tained in a cubic foot of solid lead and a cubic yard of solid copper. 

Ans. 0.04723. 

2. The specific gravities of hammered gold and silv’er being 19.35 

and 10.51, find the ratio oftlie quantities of matter contained in a 
bar of gold measuring 4*17 ii^ches long, by 0.64 inches wide, by 0.31 
inches deep; and a bar of silver measuring 13.22 inches long, by 
i.r 4 inches wide, by 0.65 inches deep. 0.15549. 

3. A bar of solid silver (sp. gr. 10.51) moves with a velocity of 
5 miles per hour, its dimensions being the same as in the last ex- 
ample. Find its quantity of motion, the volume being measured in 

^ cubic inches. Ans. 755.012 cubic ifehes of water, moving 

at the rate of one foot per second, 

4. A cubic foot of copper (sp. gr. 8.9c) nloves with a velocity of 
1407 yards per minute. Find its quantity of motion, volume being 
measured in cubic inches. 

Ans. 1081926.72 cubic inches of wafer, moving 
at the rate of one foot per second. 

■5. A block of Carrara marble (sp. gr. 2.716) measuring 2 yards 
long, by 2 feet wide, by 1.16 feet deep, in falling from a height ac- 
quires a velocity of 13 feet per second. What is its momentum, vo- 
lume being measured in cubic feet ? 

Am. 491.48 cubic feet of water, moving at 
the rate of one foot per second. 

6 . What should be the velocity of a cubic foot of lead (sp. gr. 
ir.35), in order that its momentum should be equal to that of the 
marble block in the last example? Ans. 43*3^^ feet per second. 

7. A bullet of lead, containing 0.267 cubic inches, is projected 
from a gun. Find with what velocity it should move, in order that 
its monientum should be equal to the momentum of a ball of copper, 
containing 13.47 cubic inches, moving at the rate of 14 feet per mi- 

^ Ills* 9*230 foet per second. 
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3. Composition of Velocities. — It has heen ascer- 
tained hy numerous observations and experiments, that 
velocities may be compounded by the same laws as sta- 
tical forces or pressures; and the composition of velo- 
cities has been even considered by some metaphysical 
writers on Mechanics as a conseq^uence of our elementary 
conceptions of Time and Space. Without pledging our- 
selves to such subtleties, it will be suficient here to ex- 
plain what we mean by the Composition of Yelocities, 
considered simply as a matter of fact and observation. 

If a body placed at 0 move in the di- 
rection OP, with a velocity which would n 
bring it to the point A in one second; 
and at the same time move in the direc- 
tion OQ with a velodty which would ^ 

bring it to the point B in one second; ® 
the effect of both velocities acting jointly 
will be to bring the body, at the end of 
one second, to the point C, found by completing the 
parallelogram OACB. The truth of this fundamental 
law of motion is exhibited in many familiar cases ; for 
example, on board of a ship moving equably, the move- 
ments of the sailors are not influenced by the motion of 
the ship : it is certain, also, from the facts observed by 
astronomers, that the earth is in motion ; nevertheless, 
all motions take place on its surface independently of 
that motion, and as if it were at rest. 

It appears, therefore, that Yelocities are compounded 
by the same law as Pressures, and that all the results of 
Statics may be transferred to Dynamics, by substituting 
velocities for pressures. 

This identity in the laws of Composition of Velocities 
and Pressures is only natural ; for since velocity mid 
pressure are only different effects of the same Eorce, it ' 
is natural to expect that, to a great extent, they will be 
governed by the same laws. 
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EXAMPLES. 

1. A body moves under the influence of two velocities, at right an- 
gles to each other, equal respectively to 17.14 feet and 13. ii feet per 
second. Find the magnitude of the resultant motion. " 

Ans. 21.579 second. 

2. Find in the same case the angles into which the resultant divides 

the right angle. Ans. 37“ 25' and 52“ 35'. 

3. A ship sails due north, at the rate of 4 knots per hour, and a 
ball is rolled towards the east, across her deck, at right angles to her 
motion, at the rate of 10 feet per second. Find the magnitude of the 
real motion of the ball, compounded of these two motions. 

Ans, 12.07 feet per second. 

4. Find the direction of the real motion. Ans, 56“ East of N. 

5. A body moves, under the influence of two velocities, at the rate 

of 36.14 feet per second, and one of the component velocities is 14.31 
feet per second. Find the other, on the supposition that they act at 
right angles. Ans. 33.18 feet per sec. 

6. If the component velocities be 14.37 feet and 19.22 feet, and 
make an angle of 22", find resultant velocity. Ans. 33 feet per sec. 

7- Find the angles into which the resultant in the last example 
divides the angle between components. Ans, 12° 36' and 9° 24'. 

8. The component velocities are 13.61 feet per second, and 14.62 

yards per minute, and make an angle of 41“. Find magnitude of 
resultant velocity. Ans. 14,17 feet per sec. 

9. Find the angles into which it divides the angle between com- 
ponents. Atis. 39° 4' and i" 56'. 

10. A boat is rowed across a river (which is miles wide) in a 
direction making an angle of 87° with the bank. The boat travels at 
the rate of 5 miles per hour, and the river runs at the rate of 2.3 
miles per liour. Find at what point of the opposite bank tlie boat 
will land, if the angle of 87® be made against the stream. 

Ans, 898 yards down the stream from the opposite point. 

- II, In the same case, if the angle of 87® be made with the stream, 
find the point of landing. 

Ans. 1129 yards down the stream from the opposite point. 
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13. Find the direction of her real motion. 

Ans. 80° 3' E. of N. 

14. In example 10, at what angle with the bank should the boat 
be rowed, in order to land at the opposite point of the river ? 

Ans, 62“ 36' against the stream. 

4. Laws of Motiosi. — Tlie laws of motion are simple 
statements of observed facts, from which can be deduced, 
without any further appeal to experiment, the laws of 
the most complicated motions. They are summed up by 
Sir Isaac Hewton in three laws. These laws of motion 
are the following : — 


lEX. I. 

Corpus omne persemrare in statu suo quiescendi vel 
movendi uniformiter in directum, nisi quatenus a mribus 
impressis cogitur statum illim mutare,^^ — Princip. Math., 
Jes. Edit. tom. i. p. 15. 

A body iv ill cont inue in its state of rest, or state of uni- 
form motion in a right line, unless compelled to alter that 
state by force impressed upon it. 

This law expresses the fact, that matter is indifferent 
to rest or motion ; or that a state of uniform rectilinear 
motion is as much a proof as a state of rest that a hody 
is not acted upon by foixe ; or. rather, that the forces 
acting upon it equilibrate each other. One of the best 
illustrations of this fundamental property of matter is 
derived from the facts observed in driving a train of car- 
riages on a horizontal railroad; it is found that it re- 
quires a constant expenditure of force, i. e. of coals or 
steam, to maintain a constant velocity. In this case the 
forces which tend to destroy the motion of the train are 
friction, and the resistance of the air, both of which are 
constant at a constant velocity ; when these forces are 
equilibrated or destroyed by a constant expenditure of 
propelling force, the train is in the same condition as if 
it were acted upon by no forces whatever, and therefore. 
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ill accordance witli the first law of motion, continues to 
mc^ uniformly forward until stopped by some external 
force. The property of matter which is described in this 
law of motion, viz., its incapicity to alter its condition, 
whether of rest or of motion, is fceq[uently called the 
inertia of matter. 

XEXII.^ 

Mutationem motm proportionalem esse vi motrici im- 
presses, et fieri sebundum lineam reotam qua vis ilia impri- 
miturP — Princip. Math., Jes. Edit. tom. i. p. 15. 

The change in the quantity of motion produced is pro- 
portional to. the force applied, and takes place in the direc- 
tion of that force. 

The hind of 'motive force impressed,' intended by 
iN’ewton in this law, was primarily a blow or Momen- 
tum, and secondarily a Pressure, or ordinary statical 
force or weight. The effect of a blow is instantaneous ; 
the velocity produced by it is its dynamical measure, 
and that velocity tah^s place in the direction of the blow 
or momentum ; whil^ the effect produced by a Pressure, 
or Statical force, takes time to develops itself, as will 
be fully shown in Chapter III. In either case, of a 
Momentum, or a Statical Pressure, this law of motion 
contains three distincii statements, which, for greater 
clearness, we shall give sepat-ately: the first relates to 
direction ; the second and third to magnitude. 

Eiest Statement. — The motion produced in a lody hy 
the application of a force takes place in the direction of the 
force, cmd is independent of any previous motion existing 
in the lody. 

The faot expressed by this proposition is gen^aHy 
called the Law of the Composition of Velocities, and has 
been fully illustrated in the preceding section. 

Besides the statement relating to direction which has 
been just explained, the second law of motion contains 
the two following statements relating to magnitude. 
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Second Statement. — The mhcities produced in the 
same lody ly different statical forces acting for the same 
timCy are proportional to those forces. 

Third Statement. — If the same statical force le ap- 
plied to move different bodies, the velocities produced in the 
same tim 6 will le inversely proportional to the quantities 
of matter in the bodies moved. 

Both these statements may he expressed algebraically 
in a singl©^^ formula, as follows: — ^Let represent the 
Statical force in pounds, ounces, &c.; and let /represent 
the velocity of the body acquired in the unit of time; and 
let m represent the Quantity of matter in the body moved. 

The equation, 

, F^mf (2) 

or its equivalent, 



expresses that the Dynamical measure offeree/, is di- 
rectly propoiiional to the Statical measure of force F, 
and inversely proportional to the Quantity of matter m ; 
or that if the same Statical force be applied to move diffe- 
rent bodies, it will produce in each of them the same Quan- 
tity of motion in the same time, 

^ The meaning of the second and third Statements just 
given niay, perhaps, be rendered more clear by the fol- 
lowing illustration ; — 

If a force equal to i lb. be applied to move a body 
which contains a quantity of matter represented by 
unity, it will produce a velocity of i foot per second in 
one second; if a force of 2 lbs. be applied, it will produce 
a velocity of 2 feet per second ; if 3 lbs., 3 feet per se- 
cond ; and so on : this is the second Statement. 

. -o/ I l^e applied to produce motion in a 

body whose quan^y of matter is represented by unity, 
in one second it ’v«l produce a velocity of i foot per se- 
cond ; if it be applied to move a body containing twice 
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the quantity of matter, the velocity produced will be 
only I ft. per second ; if the quantity of matter be three 
times as great, the velocity will be ^ ft. per second ,* and 
so on : this is the third Statement. 


EXAMPLES. 

In equation (2), /is understood to be expressed in feet; but the 
units to which F and m are referred, although arbitrary, are so con- 
nected, that one of the units being fixed, the other is also deter- 
mined. 

Let us suppose, for example, that we select for the unit of matter 
the quantity of matter contained in a cubic inch of distilled water at 
a temperature of 60° Fahrenheit, then the unit of weight to which F 
is referred may be thus found. The unit of Fis the force which will 
produce in one second a velocity of one foot per second in a cubic inch 
of distilled water; but it is found from experiment, that if a cubic 
inch of water be allowed to fall in vacuo at Dublin, its weight, i. e. 
the force due to terrestrial gravity which acts upon it, will produce in 
one second a velocity of 32.1948 feet per second ; hence, 

Unit weight of F : weight of cubic inch of water : : ift. : 32.1498 ft. 
Or, finally — 

Weight of cubic inch of water 
Unit w'eight of ^ . 

If the weight of the cubic inch of water be expressed in grains, the 
unit of F will therefore be 7.842 grs. ; because the weight of a cubic 
inch of water is 252.5 grs. ; in other words, it would require a force 
of 7.842 grs. to produce in a cubic inch of distilled water at 60“ F. a 
velocity of i foot per second. Hence, if in equation (2) m be referred 
to cubic inches of water, F must be expressed in the units just found. 
If, on the other hand, the unit of F be given, the unit to which m is 
referred may he found as follows : — Let us suppose that Fis expressed 
in pounds avoirdupois : from what has been already stated, it ap- 
pears that a force of one pound would produce in one second a velocity 
of 32.1948 feet in the quantity of matter contained in a pound weight 
of water, hence it w'ould produce a velocity of one foot per second in 
the quantity of matter contained in 32.1948 lbs. weight of water, i. e. 
in the quantity of matter contained in 892.5 cubic inches of distilled 
water at the temperature 60® F. (because the pound avoirdupois con- 
tains 7000 grains). The unit of volume to which m is referred is, 
therefore, in this case, 892.5 cubic inches. 



m m CUDIC yards of water at 60® Fahrenheit. 

™’‘ Of volume, expressed in cubic feet 
then, Since a cubic foot of water is 62.32 lbs., 


Hence, 


a? X 62.32 lbs. : 2240 lbs. 32,1948 ft. : i ft. 


® = 1157-2 cub. ft. 


^ 42.858 cub. yds, 

3 . H the unit of matter be the quantity of matter contained in a 
cubic foot of water, find the corresponding unit of weight. 

Let X denote the unit of weight in lbs. ; tliSn, 

a? ; 62.32 lbs. : : I ft. : 32.1948 ft. 

Ans, 1.935 lbs. 

4. If the unit of matter be the quantity of matter contained in &. 
weight corresponding .unit of 

Let X denote the unit of weight expressed in grains ; then, 
a : 11.35 X 252.5 gra. : ; 1 ft. : 32.1948 ft. 

Ans, 89 grs. 

equal to 3 lbs. produce in one second a velocity of 
Sie body ^ ^ quantity of matter contained in 

Let ar denote the number of cubic feet of water, which contain the 
same quantity of matter as that in the body ; then, 

X X 62.32 lbs. : 3 lbs. : : 32.1948 ft. : 0.317 ft 

Ans. Quantity of matter contained in 4.883 cubic ft. of water. 

6. If a force of 13. 16 lbs, produce in a cubic foot of matter in one 
second, a velocity of 4.16 ft. find the specific gravity of the matter 

(i 
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Let X be the required specific gravity ; then, 

XX 62.32 lbs. : 13.16 lbs. :: 32.1948 ft. : 4.16 ft. 

Ans. 1.634. 

7. If a velocitj’- of 42.310 ft. be produced in one second, in a cubic 
inch of gold ^^sp. gr. =? 19.35); find the magnitude of the force re- 
quired to produce this velocity. 

Let X denote the required force expressed in grains ; then, 

X : 19.35 X 252.5 gr.s. 42.31 ft. : 32.1948 ft. 

Ans. 6421 grs. 

8. If a force of 17 lbs. produce a velocity of 14 feet in a cubic foot 
of matter, in one second, find its specific gravity. 

Let X denote the required specific gravity ; then 

17 lbs. ; X X 62.32 lbs. : : 14 ft. : 32. 19.-; 8 ft. 

Ans* 0.627. 


LEX ni. 

Actioni contrariam semper et ceqxialem esse reac- 
tionem : sive corporum duorum actiones in se mutuo sem- 
per esse cequales et in partes contrarias dirigiJ^ — Princip. 
Math., Jes. Edit. tom. i.,. p. 16. 

Action and reaction are equal, and act in opposite di- 
rections: or if two bodies mutually act upon each other, 
the quantities of motion developed in each, in the same 
time, are equal and in opposite directions. 

In tMs law of motion, by action and reaction we are 
to tinderstand quantity of motion^ pr momentum ; and 
since bodies in nature are observed to act mecbanically 
upon each other, in one or other of two ways, viz., by 
percussion, or attraction and repulsion, the statement 
contained in this law of motion has two kinds of appli- 
cation, according as the forces considered are of the na- 
ture of percussions, or ordinary statical forces, such as 
attractions, which are measured by weights. We shall 
have occasion to apply this law of motion, which is of 



mencement, and lie will find that, as he progresses in 
the study of Dynamics, the proofs of the truth of the 
fundamental laws will multiply; for since the whole 
science is based upon these laws, every complicated de- 
duction from them, which is verified by experience, will 
afford a fresh proof of the truth of the laws themselves, 
and thus furnish evidence which, though indirect, is as 
certain as direct evidence. 

As an illustration of this kind of proof, we may men- 
tion the prediction of the time and circumstances of an 
eclipse of the sun or moon; this prediction is a deduction 
from the elementary laws of motion, and its exact agree- 
ment with the observed facts of the eclipse is obviously a 
strong proof of the truth of those laws of motion from 
which the prediction is derived. 



CHAPTER II. 


ON THE WORK DONE BY AGENTS OR MACHINES 
MOVING UNIFORMLY. 

I. Work done by a Force. — 2. Constancy of Work done by a Force in 
a Machine moving uniformly. — 3. The Lever. — 4. The Wheel 
and Axle. — 5. The Inclined Plane. — 6. The Screw. — 7. The 

Pulley. — 8. The Gain in Power is Loss in Time 9. Effect of 

Friction on Machines moving uniformly. 

When a body is in a state of nnifonn motion, it appears 
from Rewton’s Eirst Law of Motion, that the forces act- 
ing upon it are in eqnilLhrium ; but any attempt to stop 
the body, at once developes the force residing in it. 
When a living agent or a machine is doing work, in a 
state ol uniform motion, the work applied must be equal 
to the work of resistance, for, since the motion is l.uni- 
form, the forces acting must be in equilibrium with the 
resisting forces. We shall consider in this chapter seve- 
ral cases of this kind of work, which is of constant oc- 
currence in practice. 

I. Work done by a Force. — The worh done by a 
force is expressed by the weight lifted through a given 
height by the force, and is therefore the product of a 
weight by a height— 

Work done = weight x height. 

This equation is evidently true, because the work is pro- 
portional to the weight raised, and also to the height to 
which it is raised ,* if either of these be changed, the 
work done is changed in the same ratio, and is therefore 
proportional to the product of the weight and height to 
which it is raised. 



referred is sometimes caliea the “ loot-pouna, to sig- 
nify one pound lifted throngli one foot. 

If w denote the work done in one minute by an agent, 
such as a man, horse, &c., working in a particular man- 
ner, t the number of minutes the agent is employed, and 
n the number of agents at work, it is evident that the 
work done in the time ^ is 

W = wnL (4) 

Tables have been constructed, founded on experiment, 
showing the quantity of work per minute which various 
agents are capable of accomplishing : from these Tables 
the value of is known for each agent ; and by their 
aid many useful questions in practic^ mechanics may be 
solved. 

If we wish to compare together the work done by 
different agents, we make use of the following equa- 
tion : — 

wnt — (5 ) 

in which the accented letters refer to one set of agents, 
and the letters without accents to the other. 

The following Table is calculated from the results of 
Kavier, Morin, and other writers. There is a great di- 
versity in the total amount of the diurnal work assigned 
to the various kinds of labour: the larger results for 
human labour are certainly erroneous, and are opposed 
to our own observations. These serious errors in the 
Table diminish its value; hnt we have endeavoured 
to correct them, to some extent, in the Exercises at the 
close of the chapter. 
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TABLE IX. 

Work done hy various Agents.* 


Raising his own weight on a ladder, . . 
Raising weights, with a cord and pulley . 

Raising weights, with the hand, . . . 

Raising weights on the back, on a ladder. 


- ® o.vpc, wxbu a wneeioarro 

j bhovellmg materials to a height of c ft. . 
Working inside a treadmill— •’* * 

a. On a level with the axis, 

b. Kear the bottom of the wheel (24“)* 

Pushing or drawing horizontally, . . ’ [ 

Pusliiiig aiid drawing alternatelv, verticalh*, 
Working a windlass, . . . . 

Working with the arms and legs, as in rowiii- 


A^’IMALS. . 

' Horse yoked to a waggon, walking, 
Horse yoked to a carriage, trotting, 

Horse yoked to a whim, walking, 

'Horse yoked to a whim, trotting, 

Ox yoked to a whim, walking, * 

Mule yoked to a whim, . . . 

[Ass yoked to a whim, 

; Steam-horse of Watt and English 'writers, 
I oteam-horse of Erench writers, 



iJura 
tion 
of La 
bour 

" Work 
per 

Minute. 

Work 

per 

Day. 


hours 

ft. lbs. 

ft. tons. 


8 

4222 

905 


6 

1559 

250 


6 

1472 

236 


6 

1126 

181 

'V, 

10 

519 

139 


10 

467 

125 


8 

’3897 

S 35 ‘ 

* 

8 

3637 

779 

• 

8 

3117 

668 


10 

3380 

637. 


% 

2598 

557 


8 

4000 

857 

*1 

10 

27279 

7307; 

• 

4*5 

41914 

5052, 

. 

8 

17356 

37^9 


4-5 

25980 

313^ 


8 

' 55 S§ 

3340 


8 

11691 

2505 


8 

4849 

^039 


8 

330C0 

7071 



52475 

6959 


“ expressed absolutely 
as the product of aweig-bt aad a height; in equation (I) 
It IS expressed in tei-ms of a number of agents^of a given 

In this equation there are five quantities 

* ruU note appended t„ the Exerrfses at the end of this chanter 


practical questions whicJi inay be solyed by equations 
( 5 ) and (6) 


EXJlMPIiES* 

1. What should be the horse-power of a steam-engine capable of 
raising 750 tons of coal per day of 12 hours from a pit roo fathoms 
deep ? 

Since the agent here emplo3'ed is the steam-horse, we have — 

JP— 750 X 2240 lbs, 
h — 6 yc 100 ft. 
w — 33000 ft. lbs. 
n = required horse-power 
t = 60 X 12 min. 

Ans. 42.4 H. P. 

2. An engine of 20 horse-power is employed to pump water to a 
height of 60 ft. to supply a town of 5000 houses with water, at the 
rate of 80 gallons per house; how long must the engine work each 
day? 

Here we have, since the gallon of water is 10 lbs., 

JP— 5000 X 80 X 10 lbs. 
h —60 ft. 
w — 33000 ft. lbs. 
n = 20. 

t = required time in minutes. 

Ans. t = 6^, 4™. 

3. A horse drawing a waggon at the rate of 2 miles per hour, exertr. 
a traction of 154 lbs. ; wdiat is the work done per minute? 

Here we have 

P = 154 lbs. 
h — 5280 X 2 ft. 
fo — required work. 
n ~ i horse. 
t — 60 min. 


Ans. w — 27104 ft. IbSv 
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4. Kve steam engines, of a total power of 1310 homes, were em- 
rfoV in pumping water from the shaft of Dawdon collmry, in Dur- 
Cm V what quantity of water could be raised by them from a deoth 

of 73'fath- perhour? 

Here we have ^ 

P = required quantity. 

A = 73 X 6 ft. 

tv = <1^000 ft. lbs. 


n = 1310. 
t = 60 m. 


Am. P. = 592,191 galb. 


c Four horses working a whim are required to raise water from a 
shaft at the rate of 3213 galls, per hour; what is the greatest depth 
to which the shaft can be unwatered by means of these horses r 


Here 

P= 32130 lbs. 
h = required depth. 
k; = 17536 ft. lbs. 
n = 4 - 

f = 60 m, Ans. h = 130*99 

6 A gang of 20 men is employed to pump water by means of a 
treadmill to a height of 40 ft. ; in what time will they raise 10000 
gallons, supposing one-third of the work applied to be lost by the 
friction of the pumps ? 

Here 

P == 10000 X 10 lbs. 
h = 40 ft. 

to = 3897 X f ft. lbs. 
n 7.0 

t = required time. Ans. i^. 17*". 


7. A party of 500 shovellers is employed to throw up an entrench- 
ment in soft ground, and works for 10 hours per day ; how many 
Guhic yards of earth will be thrown up in 10 days, supposing each 
cmhic yard to weigh two tons ? 


Therefore, &c. 


P = required weight, 
A = 5 ft. 
to = 467 ft. lbs, 
n == 500. 
t = 6000 m. 


Ans. = 62,544 cub. j’ds. 


8. If 30 hodmen he employed on a building 30 feet high to carry 
bricks to the masons ; how many bricks will they raise in 7 hours, 
allowing 17 bricks to 125 lbs. ? 
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Hero 

P = required weight of bricks. 

A = 30 ft. 

w — 1126 ft, lbs. 

n = 30. 

t = 420 m. Ans. 64,317. 

9. Two men are employed to work a windlass, to raise materials 
from a shaft ; they work for 8 hours per day for 10 days ; in what 
time would four men working for 6 hours per day raise the same 
quantity of materials by ladders from the shaft ? 

Here we must use equation (5) : — 

w = 2598 ft. lbs. 

n = 2. 

f = 10 X 8 X 60 min. 

to' = 1126 ft. lbs. 

= 4. 

1! = required time. 

Am. 15^. 2^. 17^. 

- Eo. A stone quarry is unwatered by the labour of 24 oxen, work- 
ing 8 at a time on two whims for 8 hours per day ; what should be 
the horse-power of a pumping engine which could do the same work ? 

Here 

to — 15,588 ft lbs. 

n = 8. 

t = 24 X 60 min. 

to — 33000. 

n — required power of engine. 

= 24 X 60 min. 

Am. 3.77 H. p. 

2. Constancy of work done by a force in a BZa- 
cbine moving uniformly. — tlie third chapter of the 
Statics we have considered machines in a state of equi- 
librium, but as they are generally employed in a state 
of uniform motion, it is necessary to consider them iu 
this point of view. When a machine passes from a 
state of rest into a state of uniform motion, the Power 
and Eesistance each move through a certain space in a 
given rime, and the worTc done by them is measured by 
their pressure in pounds multiplied into the space in 
feet through which they move, in the direction of the 
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force, in one minute. The principle according to which 
the equilibrium of machines in a state of uniform mo- 
tion is determined, is called the principle of the con- 
stancy of work done, and is explained in the following 
paragraph. 

A force may he transmitted from one point of appli- 
cation to another by means of various instruments, such 
as cords, bars, wheels, &c. ; but it is not possible for 
these inanimate objects to generate work, and whatever 
diminution the work done by the force may undergo 
by friction, we are certain that it can never be increased. 
We always find, in fact, that the work applied to any 
machine is greater than the work done by the machine, 
and are led by numerous experiments and observations 
to conclude that this loss of work is due to friction ; so 
that if it were possible to construct a machine without 
jhiction, the work applied would be equal to the work 
done, and the celebrated problem of perpetual motion’^ 
would be mechanically possible. If we imagine a ma- 
chine moving uniformly ^vithout friction, the work done 
by any part of the machine is constant and equal to the 
work appHed to move the machine. This is called the 

principle of constancy of work done,’^ and is applica- 
ble to machines moving uniformly without friction. 

The principle of constancy of work may be thus 
stated : — 

Let P be the power acting at any part of a machine ; 

Let p be the distance through which it moves in one 
minute in its own direction ; 

Let P be the resistance acting at some other part of 
the machine ; 

Let r be the distance through which it moves in one 
minute ; then 

Fp = Er. (7) 

In this equation Pp and Er are the work done by the 
power and resistance, and they are equal to each other 
when the machine moves uniformly without fiiction. 
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3. The Xiever If a lever turn uniformly round its 

fulcrum P ; at the end of any time, the Power and Ee- 
sistance will have passed through arcs of circles, whose 
lengths are proportional to their radii PP and EE (vide 
hg. p. 41). Substituting these arcs or the radii EP and 
EE for ^ and r in equation (7), we find 

Power X PE = Eesistance x EE ; 
or 

Power : Eesistance : : EE ; P'R’ t 

i. e. the 'power is to the resistance inversely as the arms of 
the lever. — Q. e. d. 

4. The Wheel and Axle. — If the ’wheel and axle 
revolve uniformly; in a single revolution, the Power 
passes through a space which is the circumference of 
the wheel, and the Eesistance, in the same time, passes 
through a space r, which is ‘the circumference of the 
axle. Substituting these values for 7? and r in equation 
(7), we find, 

lower X circumference of wheel = Eesistance x circumference of 
axle ; 

Or, since the circumferences of circles are proportional 
to their radii. 

The 'power is to the resistance as the radius of the axle 
is to the radius of the wheel, — q. e. d. 

The wheel and axle is sometimes modified, as shown 
in the following figure. In this case the work done 
by the Power in a single revolution is the Power multi- 
plied by the circumference described by the winch- 
handle ; and since, in a single revolution, the rope is 
diminished by a length equal to the difference of the 
circumferences of the axles, the weight will be lifted 
through half this difference, and therefore, by the prin- 
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ciple of constancy of work done by a macbine, we haye 

F X O — Wx - — - 
2 

where C is the circumference of the circle described by 



the winch-handle, and <?, c are the circumferences of the 
axles. Hence we find, 

The power is to the weight as the difference of the cir- 
cumferences, or radii of the axles is to twice the circumfe- 
rence, or radius of the circle described by the winch- 
handle. 

5. The Xnclmed Plane. — The only case of the in- 
clined plane which is of any practical importance is that 
in which the power is applied parallel to the plane, as 
in the case of drawing loads up hills, &c. In this 
case, while the power mores through the length of the 
plane, the weight is lifted through the height of the 
plane, and therefore, by equation (7), 

Power X lengtli of plane = Resistance x height of plane ; 
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Or, 

The power is to the resistance as the height of the plane 
is to its length — a. e. d. 

6. The Screw.— In tlie case of the screw it is 
evident that while the power describes the circumfer- 
ence of a circle, the weight or resistance is moved 
through a distance equal to the interval between the 
threads of the screw, and consequently, hy equation (7), 

Power X circumference of circle through which it moves = Eesist- 
cuce X interval between the threads. 

Or, 

The power is to the resistance as the interml hetwem 
the threads is to the circumference of the circle described by 
the power. — q. e, d. 

7. The Pulley. — ^Whatever he the complexity of the 
system of pulleys considered, the principle of constancy 
of work done enables us to determine the ratio of the 
power to the resistance ; for we have simply to multi- 
ply the power hy the space through which it passes, 
and to equate this product to the resistance multiplied 
hy the space through which it is lifted in the same time. 

Thus, in the single moveahle pulley, the Power will 
evidently descend through a space twice as great as 
that through which the Resistance is lifted, and, there- 
fore, the Power is half the Resistance. 

In the system (p. 56) the power will descend through 
six times the distance through which the weight is 
raised, and, therefore, the power is only one-sixth of 
the weight lifted j and, in a s im ilar manner, the ratio 
of the power to the weight lifted may he found in other 
cases. 

8. The Grain in Power is Iioss in Tune.^ — prin- 
ciple of the constancy of ^ work done hy a forc% wM^ 
has been illustrated by the cases of the eommcai 

nical powers, is of universal application (always n^lect- 
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ing friction), and may be used to find the ratio of tlio 
power to the resistance in the most complicated as well 
as in the simplest machines ; and it possesses this prac- 
tical advantage over all other methods of investigation, 
that it only requires us to know the spaces traversed by 
any two points of the machine in the same time, to be 
able to state the ratio of the forces acting at these points. 
The spaces described by the different parts of a machine 
are found by direct experiment, and are easily measured ; 
and hence this principle, although under a different 
name, has been long familiar to practical mechanicians. 
It is generally stated in the following form, that what 
is gained in power is lost in time;” or, in other words, 
that aU parts of any machine do the same amount of 
mr/c, because, if any point moves with a greater force 
than another, it must move slower, in such a manner 
as that the product of the force into the space it moves 
through in a given time shall be the same for this point 
as for all other points of the machine. In every case of 
machinery, however complicated, the equation 

. Pp = Rr, (7) 

IS always true. 


9. Effect of Friction on IMCachines moving uni- 
formly. — The effect of Priction on machines is to dimi- 
nish the velocity with which they would otherwise 
move; its laws have been carefully examined by Cou- 
lomb and other observers, who have found that, like 
Adhesion, it is proportional to the pressure, varies with 
the substances employed, and is independent of the ex- 
tent of the rubbing surfaces ; and, in addition, it was 
found to be practically independent of the velocity of 
the smfaces employed. But, while the friction of mo- 
tion thus resembles the Mction of rest, or adhesion, it 
is not found to have the same numerical value. It is 
always less than the j&iction of adhesion, as is shown 
in Table III. 
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TABLE III. 

Fi'iction of Surfaces in Motion. 


Nature of 
Sui'faces. 

Fibres. 

State of 
Surfaces. 

CoefRcient 

of 

Friction, 

Angle 

of 

Friction. 

Oak on Oak, ^ 

r 

Parallel, 
Parallel, 
Perpendicular, 
Perpendicular, 
Vertical on 1 
horizontal, j 

Dry, 

Dr V- soaped, 

* Ory, 

Wet, 

Dry, 

0.48 
0. 16 
0.34 
0.25 

0. 19 

25° 391 
9 6 
18 47 
14 2 

10 46 

Elm on Oak, 


Parallel, ' 
Perpendicular, 

Drj’, 

Dry, 

0-43 

0.45 

23 16 

24 14 

Wrought Iron ' 
on Oak, 


Parallel, 

( Dry, 

1 Wet, 

( Dry-soaped, 

0.62 
0. 26 
0.21 

31 48 

H 35 
ri 52 

Cast Iron on ' 
Oak, J 


Parallel, 

( Dry, 

1 Wet, 

( Dry-soaped, 

0.49 
0. 22 
0. 19 

26 7 
12 25 
10 46 

Iron on Iron, 


Parallel, 

Dry, 1 

Surface 

bites. 


Brass on Brass, 

Parallel, 

Dry, 

0.20 

11 19 

Brass on Cast ' 
Iron, j 


Parallel, 

Dry, 

0.22 

12 25 

Brass on 

W rought 
Iron, 


Parallel, 

Drj’, 

1 

0.16 

9 6 

j Brick on Oolite, 

— 

Drj', 

0.65 

33 2 

Brick onMus- ' 

1 chelkalk. 


- — - 

Dry, 

0.62 

31 48 

Oak on Oolite, 

Vertical, 

Dry, 

0,38 

20 49 

Iron on Oolite 


Parallel, 

Dry, 

0.^9 

34 36 
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Ih all questions of Dynamics, tMs Table of Coeffi- 
cients of Friction is to be used ; while, in the solution 
of questions of Statics, the Coefficients of Adhesion 
(Table I.) must be employed. The principle of Constancy 
of Work done must be modified in the following man- 
ner, when friction is taken into account : — 

The Work applied to any part of a machine is equal 
to the sum of the useful Work done, and of the Work 
pended in friction. 

This statement may be expressed algebraically as fol- 
lows 

Pp = Itr + Ff; (8) 

where F= px Pressure, and /is the spajc traversed by 
the rubbing surfaces. 


Sxercises on the Work done by Agents moving 
uniformly. 

1. Coulomb observed that in the ordinary operation of pile driving 

each man lifts 19 kilogrammes of the ram; at every pull the ram is 
raised i.i metre; the men make 20 pulls in one minute, and after 
three minutes of exertion, rest for as long a time, and then begin again. 
Thus, their daily labour lasting 6 hours, the duration of fatiguing ex- 
ertion does not exceed 3 hours. Find the useful work done per day. 
(FenturoH.) Ans. 75,240 kilogram-metres, or 242 foot-tons. 

J^Tote . — We have called the answer to this question the useful work 
done, as it is the only work the practical engineer can take cogni- 
ssance of; the physiological work done exceeds the useful work by the 
amount of work expended in producing by the movements of 
the labourer’s own body, which, though small in the present example, 
yet in other kinds of labour is found to bear a very large proportion to 
the useful work. 

2. Lamande, architect of the bridge of Jena, found that 38 la- 
bourers, working 10 hours a day, made in each hour 12 efforts, each 
of 30 pulls ; the ram weighed 587 kilos., and was raised through 
1.45 met. each stroke. Find the useful diurnal work ( FenturoU.) 

Ans. 80,635 Mlogr.-metres, or 260 footitons. 
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3. The following observation is recorded by Coulomb, made on men 
employed in turning a lever: — Under a continued labour they each 
exerted a force equivalent to 7 kilos., and made 20 turns in a minute, 
the circumference of the turn being 2.3 metres; they continued at 
work 8 hours, but cwing to the rests of which they have need from 
time to time, the duration of the daily fatigue does not exceed 6 hours. 
Find the useful diurnal work, ( VenturoK.') 

Ans, 115,920 kilogram -metres, or 374 foot-tons. 

Note . — In this example, the useful worh is much greater than in 
the two former, probably owing to the fact, that the labourer, in 
turning the wheel, stands still, and employs the greater part of his 
force to turn the wheel, and but little to move his body ; whereas, in 
pile-driving, the labourer runs forward, holding the rope which raises 
the ram, which is then detached by a self-acting mechanism, and he 
has then to walk back again to resume his place for the next pull. 

Supposing, for example, that each labourer weighs 55 kilogrammes, 
he will traverse in his daily work of pile- driving (example 2) a space 
equal to 1.45 X2X30X12X10 metres = 10,440 metres ; this, as 
will be shown, is equivalent to lifting his own weight through ^^th 
of the horizontal distance traversed, and therefore the fatigue work 
will be — 

10440 X 

Fatigue-work — ■ -- - kilogram-metres = 92 foot-tons. 

Adding this to the useful work of Example 2, or 260 foot-tons, we 
find — 

Total physiological work of Example 2 = 352 foot-tons. 

A corresponding calculation for Example i gives Hxii fatig\ie~work-= 
70 foot- tons; and therefore — 

Total Physiological work= 312 foot-tons. 

Considering that this work is done in 6 hours, and that of Exam- 
ple 2 in 10 hours, and the exhausting nature of rapid labour, the two 
results are quite comparable with each other, and both comparable 
with the useful work of Example 3, in which fatigue-work is very 
small. 

4. Porters were employed to carry goods to a distance of 2000 me- 

tres, and each was found to carry in the course of the day 348 kilo- 
grammes, at six journeys, loaded with 58 kilogrammes at a time. If 
each porter weigh, on an average, 55 kilos., find the daily work ex- 
pressed in kilogrammes, drawn horizontally along a roadl {Ventu^ 
roll), Useful work, 696,000 k. m. 

Fatigue work, 1,320,000 „ 

Total, 2,0 1 6,000 kilogram-metres, horizontaL 


H 



5* On questioning a number of pedlars, who travelled loaded with 
their packs, Coulomb found that they stated that, with a load of 44 
kilos., they travelled 19000 metres a day. Assuming their average 
weight to be 55 kilos., find the daily work in horizontal kilogram- 
metres. (J^enturoli.') 

Ans. Useful worJc^ 836,000 k. m., hor. 

Fatigue-work^ 1,045,000 „ 

Total, 1,88 1,000 kilogram- metres, horizontal. 


Note. — Coulomb, from whom we have partly taken Examples 4 
and 5, solves them without taking any account of the weight of the 
porters or pedlars, and thus obtains for answers; Porters = 696,000 
horizontal kilogram-metres, and Pedlars = 836,000 k. ni. hor.; this 
latter result being greater than the former. Coulomb explains it by 
adding, that he suspects some exaggeration in the assertion of the 
pedlars: it appears, on the contrary, that when proper -account is 
taken of the weight of the labourers in estimating the work done by 
them, that the pedlars actually do less physiological work than the 
porters, although they do more useful work, and that Coulomb unin- 
tentionally did them an injustice. 

6. From many considerations we are led to believe that a man, in 

good condition, and resting on Sundays, as a labourer does, can walk 
30 miles per day, as a continued labouring effort. Assuming his 
weight at 55 kilogrammes, find the work done in horizontal kilogram- 
metres. Ans. I, 'j 60,000 kilogram-metres. 

7. Assuming the results of examples i, 2, 3 (as corrected in the 
Notes')^ to determine the daily physiological work of man wholly ex- 
pended in lifting weights; and the results of 4, 5, 6, to deter- 
mine his ability to carry weights along a horizontal road ; find the 
coefficient of traction of a man walking alung such a road. 



8. A number of porters, according to Coulomb, carried wood, 
mounting a convenient staircase, 12 metres high, and its height one- 
third of its horizontal base ; they made 66 journeys per day, and car- 
ried each 68 kilogrammes of wood on each journey. Find the daily 
work done. (E’en turoli . ) 

In solving this question. Coulomb takes no account of the weight of 
the labourers, except in a general way ; if we assume, as before, the 
average weight of each labourer to be 55 kilos., we shall have the 
work done by finding the weight lifted per day, and adding to it ^th 
part of the weight drawn horizontally; therefore, 

Ans. 1 12,028 kilogrammes lifted through one metre per day. 
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Or, if we take account of the labourers returning unloaded along 
the base of the staircase. 

Ans. 118,562 kilogram -metres, or 381 foot-tons. 

9. In the conveyance of earth by wheelbarrows, the weight of the 
barrow is 30 kilos. ; it is loaded with 70 kilos. ; the weight supported 
by the labourer’s hand is from 18 to 20 kilos., the remainder being 
supported by the ground — at the same time he pushes with a force 
which may be estimated at from 2 to 3 kilos. ; he makes 500 jour- 
neys per day of 29.226 metres each, returning with the barrow empty. 
( Fenturoli.) 

This question involves a mixed action, and as we venture to differ 
from Coulomb and Venturoli (who differ from each other) in their 
solution of it, we shall place before our readers all three solutions. 

a. CoulomVs Solution . — Let the weight 70 kilos, be multiplied by 
the distance travelled, 29.226 x 500 = 14613 metres. 

Ans. 1,022,910 kilogram-metres. 

h. VenturolVs Solution To measure the effect of the force of the 

laboui-er in the 14613 metres, we ought to multiply by 22 kilos, 
which is about the sum of the lift and push of the labourer’s hand ; 
this gives 321,486; and since, in returning, he describes the same 
space, exerting a force of about 5I kilos., this part of the exertion 
wiU be 14,613 X 5.5 = 80,37 ^*5 kilogram-metres, and finally the total 

Ans. 401,857.5 kilogram-metres. 

c. Our own Solution The weight of the labourer is omitted alto- 

gether from both the preceding solutions ; and that of the wheelbarrow 
from that of Coulomb ; but independently of this, we cannot agree with 
either of them ; the problem of a man pushing a wheelbarrow appears 
to be the same as that of a horse drawing a waggon laden wnth sacks 
of goods, from which some of the sacks are taken, and placed on the 
horse’s back. If the coefficient of traction of the horse himself and of 
the waggon along the road were equal, it would be a matter of indif- 
ference how much of the load were placed on his hack, and how much 
on the waggon, and the principle of Coulomb’s solution would he cor- 
rect ; the traction of a horse or man along a road is ^th, while that 
of the waggon or wheelbarrow varies from ^th to ^th, according to 
the state of the road and waggon. 

According to our view of the subject, therefore, the correct solution 
of the problem is the following : — 



110 


ON' THE WOBK DONE BY AGENTS 


Let the weight of the labourer be 55 • i 

The coeflf. of traction of the labourer is ^th ; 

That of the loaded wheelbarrow is given 2.5 kilos, in 100, or *th , 
One-fifth of the weight is lifted by the hand; 

Therefore the direct journeys require a work ot 


'20 + 55 


kilogram-Tnetres, 


and the return journeys require a work of 
, r6+55 , Trnom 


ta 6 i'? f - 4 - ^ kilogram-metres, 

20 4°J 


or, adding together, 


Ans. 137,362 kilogram-metres. 
Or 441 foot- tons. 


10. The paviours of Dublin work under the following conditions 


Weight of rammer, 
No. of blows, . • 

Rest, . . . • 

Height lifted, . . 

Hours of labour, . 


5'8t. 9 lbs. 

78 in 2"^. 45*. 
3 ”'* 30®* 

16 inches. 

10 hours. 


Calculate from these data the work done per day by each man. 

Arts. 352 foot-tons. 

II The prisoners confined in the military prison ot Dublin per- 
■ form 'thdr punishment shot-drill, under the following conditions 

Each man lifts a 32 lb. shot to his breast (3 ft) from a tressel, 
carries it through 9 ft. C4 paces by drill), and lays it down on a simi- 
™p^rt; to thin reSiLs unloaded, and ti&es up^pto she , 
and so rnpeats the double joumqr ; of course, after » 
the 32 lb. shots are transferred from one side to the other of the 
working gang, and they must then reverse the order of proceedings, 
and caSy bade the shots ; six of the double journeys 
nute. If we assume that the same work is done in “ 

in lifting up the shot, prove the following expression for the work 
done per minute : — 

+ 

Work - X 2240 : I 
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where 

w = weight of man in Ibs- 

a = distance in feet to which the 32 lb. shot is carried. 

A = height in feet to which it is lifted. 

« = number of double journeys per minute. 

Assuming the average weight of the prisoners at 141 lbs., and that 
they are employed for 3 hours, find the work done. 

Jins. 16 1 foot- tons. 

12. A coal pit, 1200 ft. deep, is flooded by a feeder, discharging 
900 gallons per minute at the bottom ; if the united pumping engines 
of the pit he 400 h. p., and are in such bad condition that they only 
utilize 60 per cent, of their nominal horse-power; it is required to 
find whether they are capable of keeping the pit in fork. 

A ns. The water will rise in the pit 320 ft. 

13. Prove that the w^'ork done in walking up an inclined plane is 
equal to the work done in walking along the base of the plane, p^fus 
the work done in lifting the weight of the body through the height of 
the plane. 


Note on Table II. 

Man lifting his oum Weight. — The first item of this Table is 
taken from Navier, who estimates the weight lifted per day, by a 
man working for 8 hours, and employed in raising his own weight 
(65 kilos.), either on a ladder, or gentle slope, at 280,800 kil. met. 
vertical — (905 ft. tons). It appears to us, from a comparison of this 
estimate with that of Coulomb (Ex. 8), that it is greatly exaggerated, 
probably from the neglect of the caution given by Coulomb, not to 
deduce the daily labour of men from observations made during a 
short period, when the labourers are conscious of being observed, and 
therefore over-exert themselves. 

Man lifting Weights with a Cord and JCulley. — In this case the 
estimate is somewhat under the truth, because no account is taken of 
the empty bucket and tackle, which must he let dowm again at each 
lift. 

3£an raising Weights with the Hand. — In this case, as in the last, 
only the useful work is calculated, and the estimate is under the 
truth, from the neglect of the fatigue work expended in the neeessarv" 
motions of the bodj% 

Man raising Weights on his Bach on a Ladder^ or in a Wheels 
harrow on a Slope — These estimates take no account of the weight 
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of the man raised, and are therefore far belotr thetofsl physiological 

^%Zto:lmn 7 'MateriaIs to a UigU office also, the 

use^rwork only is considered, and the fatigue vrork expended on the 

motions of the body "®|’“*®'|‘;.„._These results, which are evi- 
dei^Tirexcei are calLated on the supposition that the weight 
of the man is lifted through the space through which the foot-boards 
of the wheel descend. This is an error, for the men at work hang 
bv ae mms from a dxed bar, and a cunning prisoner need not lift 
™re thaTtwo-thirds of his weight with his legs. We believe also 
SaUhere Tan exaggeration af to the time of labour, and that no 
man could work 8 hours on the treadmill. . 

MZLhUff or drawing, hortizontalUj, vertzeaVy or tarmy a 
a-<mA.-?rhese^estimate3 we believe to be m excess, and they com- 
Tiletelv at variance with Coulomb’s observation (Ex. 3 ). The ex- 
Lgeration is two-fold ; for the push is estimated at from 8 to ^ 

^d the labour is supposed to be continuous during the hours of 

“a Hoicino.-The labour of rowing a boat is unquestionably 
most severe, but we do not know of any accurate method by which 

^H^^rawing a Waggon, wofitny.— The same exaggeration which 
we have pointed out in many of the estimates of human labour. « 
probably to be found in the estimate of the labour of some of the 
antals^mentioned in tlie Table. Wavier states the 'abour of a 

horse, walking, and drawing a load, as 27^,720,000 hor. kil. . 
(usefil) ; this is equivalent to a little less than 90,000 ^ns. 

If this be convertible into vertical foot- tons, by any coefficient 
similar to the human coefficient, we should have 45 °° 
daily work of a horse ; this estimate is closer to those winch foUc^i 
and probably not far from the truth. In companng, however, the 
physiological work done by animals, in this 

Si^ we must remember that the fatigue work is altpther excluded 
from the work done by the animals, though it is often, necessarily, 
involved in that done by man. 
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CHAPTEE III. 

ON RECTILINEAR MOTION AND CONSTANT FORCE. 

I. Relation between Velocity and Time. — 2. Relation between 
Space and Time. — 3. Relation between Velocity and Space. — 
4. IMotion of Falling Bodies. — 5. Motion of Bodies on Inclined 
Planes. — 6. Experimental Proofs of the Laws of Rectilinear 
Motion. 

I . Helation between Velocity and ^Hme. — e shall, 
ixL this chapter, investigate the laws of motion of bodies 
acted upon by constant forces, and moving in right lines. 
The dynamical force is supposed to be Imown,. and the 
body is supposed to set out from a state of rest. The 
first thing to be done is to determine the velocity pro- 
duced in a given time. 

Let / denote the dynamical measure of the force, 
i. e. the velocity acquired at the end of one second, and 
let V represent the velocity at the end of t seconds. 
Then, 

i. e. the velocity acquired in t seconds is to the velocity 
acquired in one second as ^ : i ; hence, 

V ^ft. (9) 

This equation expresses the relation between the ve- 
locity, the dynamical force, /, and the time, during 
which it acts ; and enables ns, from any two of these 
quantities, to calculate the third. 

EXAMPUES. 

1. A velocity of 14 feet per second is prodaced by a force acting 

for 3 minutes. Calculate the force. 0.0777 ft. per second. 

2. A force acting for 13 seconds produces a velocity of 4 miles per 

hour. Find its magnitude. Ans, 0,451 ft. p^ second. 
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3. A force equal to 7 feet per second acts for 3 minutes. Find the 

velocity produced. Ans. 1260 ft. per second. 

4. A force equal to 32.195 feet per second acts for 5 seconds. Find 

the velocity produced. Ans. 160,975 ft. per second. 

5. Find the time during which a force of 11.16 feet must act to 
produce a velocity of 100 feet per second. Atis. 8.96 seconds. 

6. During what time must a force of 32.195 feet act to produce a 

velocity of 375 feet per second ? Ans. 11.64 seconds. 


2. Relation between Space and Time.— Let us sup- 
pose tlie velocity of the body acted on by the constant 
force to increase per saltum, and to receive equal incre- 
ments of velocities in equal intervals of time. If the 
final velocity be and the whole time t be divided into 
n equal intervals, it is evident that the velocity during 

^ 2V 

the first interval is daring the second, — , during 
n n 

the third, — , and so on. And since the space described 
n . 

by a body moving uniformly is equal to the product of 
the velocity and time (i), it follows that 


V t vt 

Space described in first interval = — x - = — , 






n 


second „ 


_ IV 

n 


t 

n 


7 .vt 
n- ’ 


third 


2 v t y,vt 

X • = , 

n ii n- 




nv t nvt 



If s he the whole space described, it must be equal to 
the sum of the spaces described in the successive inter- 
vals, and therefore, adding, wo find 
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but tlie series included witbin the parentbesis is eq[ual to 

^ + 1 ) , - 
— {pid,. Manual of Algebra) ; therefore 


vt n (w + i) vt I I \ 

« = _ X = — I + - . 

2 2 \ n j 

If now we suppose tbe velocity to increase, no tper saltion^ 
hut continually and in proportion to tbc time, we must sup- 
pose the intervals of time to be indefinitely small, i. e. 
the number of intervals n indefinitely great ; on which 

supposition " = therefore 

vt 

5 = — . 

2 

ITow, if a body be acted on by a constant force, tbe 
Telocity increases in proportion to tbe time, equation 
(9), and therefore, If a lody move from rest uyider the. 
action of a const ant force, the space described is eyual to 
half the product of the time and the final velocity » 

In this case, as v = ft, by equation (9), 



This equation contains three quantities, viz. e the 
space, t the time, and / tbe dynamical measure of the 
force. Given any two of these, we can calculate tbe third. 


EXAITPLES. 

1. If a body, under the influence of a constant force, move through 
5 feet in 3 seconds, find the magnitude of the force -which animates it. 

Ans. 1 . 1 1 1 ft. per sec. 

2. If the space described in 10 seconds be 300 yards, find magni- 
tude of force. Ans. iS ft per sec. 

3. If a body be acted on by a force of ii feet, during 3 minutes, 

find the space described in that time. Ans. ii%^xoo ft. 
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A. If the force be 32.19 feet, and the time 7 seconds, find space de- 
scribed. 7^8.655 ft. 


5. Find the time occupied by a body, acted on by a force of 12.17 

feet, in describing 137 yards. 8.21 secs. 

6. A body is moved by a force of 32.18 feet, which acts during 1 1 

seconds. Find space described. 1946.89 ft. 


3. delation between Velocity and Space. — The ve- 
locity acquired by a body, acted on by a constant force, 
in describing a given space, may be found from equa- 
tions (9) and (10), as follows : — 

Squaring equation (9), we find 


multiplying equation (10) by 2/, we find 


hence, 


2/8 

t?® = 2/5. 


00 


This equation contains three quantities, viz., / the 
dynamical measure of force, s the space described, and 
V the velocity acquired. Any two of these being given, 
we can calculate the third. 


EXAMPLES. 

1. Find the force which would cause a body to acquire a velocity 
of 35 feet per second, after describing 100 yards. 

Ans. 2.04 ft. per sec. 

2. If the space described be one mile, and the velocity acquired bo 

1142 yards per minute, find force. Ans. 0.309 ft. per sec. 

3. A body acted on by a force of 13 feet per second describes 1100 

feet. Find its velocity. Ans. 169.1 ft per sec. 

4. If the force be 32.190 ft per sec., and the space described be 

467 feet, find velocity acquired. Ans. 173.4 ft per sec. 

5. With the same force, let the velocity acquired be 75 feet per 

second. Find space described. Ans. 87.3 ft 

6. If a body, animated by a force of 3 14 yards per minute, acquire 
a velocity of 41 1 feet per second ; find sjiacc described. 

Ans. 5379.6 ft. 
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4. Motion or Falling Sodies. — The most imjiOTt'ii.t 
of all the tbrces with -whieh we are acquainted^ i?i ^ 
force of Grravity, which, considered as a t , r- 

is the cause of the motion of fallmg bodies. Tiiih hr. 
as has been mentioned already, in the chapter c«ii d I 
Centre of Grravity, varies from place to place^’oTi tlic -.;r- 
tace of the globe. The Table which is giveii in pj ^ no 
contains tlie values of the D3mamical foi*ce of gravity in 
English feet and decimals, reduced to tlie sea li vi.!* ,^1 
some of tlie most important places on tlie earth’s sur- 
face. It has heen calculated from pendulum expiriinents 
in a manner which will he described in the chapter t?a 
the Peudnlum; It is easy to see from it, that mt mli 
f laces on the surface of the earth, the mlomtg atfmirtd im 
one second hy a hody falling in vacuo is sonmwhmt grmier 
than 32 feet ^er seconds 

The force of gravity is so important that it is usual 
in works on Mechanics to designate it by a special letttr 
y, which in future we shall always use to denote 1I10 
Dynamical force of gravity, expressed in feet. 

If W denote the weight of a body, and m its aia** 
equation (2), when apphed to the ibree of ▼il 

become 

Cii) 

This equation expresses the fact, that the weight of m 
body at different places on the earths surface is pn^por- 
tional to the veloci^ acquired hy it in falling for one 
second, and is an instance of the truth of the iMfCod 
law of motion. 

Equations (9), C^^)> f ^ referred to the force of gra- 
vity, become 

9 ^gt. ( 13 ) 

8 (h) 

i)* = zgs. hi) 

Tlies© "three ■ eqxiatioiis coataiii tlie ooiajAete 
of all proWems relating to Mling bodies. 
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If the time he made equal to one second in equation 
(1 3), we find 

i. e. the velocity acquired in one second is the measure of 
the force of gravity. 

If in equation (14), we make t ~ i, we obtain 

i. e. the space described by a falling body in one second is 
half the velocity acguired in one second, or egual alout 1 6 
feet. 

If we now take t, in equation ( 1 4), successively equal 
to 2, 3, 4, &c., seconds, we find 

g = X 4 — 16 X 4 ft. = 64 ft. in 2 seconds. 

s ^ ig X 9 = 16 X 9 ft = 144 ft. in 3 „ 

5 = ^g X 16 = 16 X 16 ft. = 256 ft in 4 „ 

i. e. the spaces described from the commencement of the 

motion vary as the squares of the number of seconds. 

If we subtract the space described in one second from 
the space described in two seconds, i. e. 16 ft. from 64 
ft,, we shall obtain the space described in the second 
second, or 48 ft . ; and in like manner, if we subtract 
the space described in two seconds from the space de- 
scribed in three seconds, we should find the space de- 
scribed in the third second, and so on. 

In general, the space described in - i ) seconds is 
16 (^- i)^, and the space described in n seconds is i 6 n^; 
the difference of these numbers is the space described in 
the n*^ second, or 

Space in second =16 {n^ — (n — i)-} = j6 (2w — i). 

Hence, since 2;^ - i is an odd number, the spaces de- 
scribed by a falling body in successive seconds are proper- 
tional to the series of odd numbers. 
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EXAMPLES. 

r. Find tlie space described in the ninth second by a falling body. 

Ans. 272 ft 

2, Find the space described in nine seconds by a falling body. 

Ans, 1296 ft. 

3, Find the space described between fourth and seventh seconds 

by a falling body. Ans. 528 ft. 

4, Find the space described between the third and eleventh seconds. 

Ans.- 1792 ft. 

Equation (14) enables us to calculate tlie beiglit of any- 
place approximately, by counting the time taken by a 
body (sucb as a stone) to fall from the top to tbe bot- 
tom. The simplest rule for this rough calculation is the 
following : — 

The height of any place in feet is equal to the square of 
the numbed of quarter seconds occupied by a body in falling 
from the top to the bottom. 

Since many watches are constructed to beat quarter 
seconds, the observation may be made by the ear, and 
the height will be given by the square of the number of 
beats of the watch during the descent of the body. 

This rule is proved as follows : — The space described 
is equal, by equation (14), to Jy, or 16 ft., multiplied by 
Ihe number of seconds squared, or by the square of the 
quarter seconds divided by the square of 4 ; hence the 
1 6 destroys in the numerator and denominator ; leaving 
the height equal to the square of the number of quarter 
seconds. 

Equations (13), (14), (15), contain the three quantities, 
space, time, and velocity; any two of which being given, 
lie third may be calculated, provided the force of gravity 
be known at the given place. 
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TABLE IV. 


The Dynamical Force of Gr a/city. 


Station. 

Latitude. 

Force of 
Gra^'iby at 
Sea Level. 

Names 

of 

Observers. 

r. London, .... 

51“ 31' 8 " -at: 

FEET. 

'^2.1008 

Sabine. 

2. Paris, . . . . 

3. Dunkerque, . . . 

48 50 14 V. 

32.1820 

Borda. 

51 2 10 iV. 

32.1895 

Biot, Mathieu. 

4. Bordeaux, . . , 

44 50 26 N. 

32.1691 

Biot, Mathieu. 

5. Leith, .... 

55 58 41 -A^* 

32.2040 

Kater. 

6. Rio de Janeiro, 

22 55 13 S. 

32.1121 

Frevcinet. 

7. Cape of Good Hope, 

33 55 15 ■S- 

32.1403 

Frey ci net. 

8. Isle of France, . . 

20 9 19 S’. 


Duperrey. 

9. Port Jackson, . . 

33 51 39 -S'. 

32.1412 

Duperrey. 

10. Isle S. Thomas, 

0 24 41 N. 

32.0930 

Sabine. 

II. Isle Rawak, , . 

0 I 34 5' 

32.0881 

Freycinet 

12. Ascension, . . . 

7 55 48 S. 

’32.0959 

Sabine. 

13. Sierra Leone, . . 

8 29 28 S. 

32.0927 

Sabine. 

14. Trinidad, . . . 

10 38 56 N. 

32.0917 

Sabine. 

1 5. Jamaica, .... 

17 56 7 N. 

32.1050 

Sabine. 

16. New York, . . . 

40 42 43 JV. 

32.1600 

Sabine. 

17. Greenland, . , . 

18. Spitzbergen, . . 

74 32 19 N. 

32*2435 

Sabine. 

79 49 58 a: 

32.2526 

Sabine. 

19. Unst (Shetland), . 

60 45 25 N. 

32.2173 

Biot. 

20. Toulon, .... 

1 

43 7 9 A. 

32.1668 

Duperrey. 


EXAMPLES. 

1. Calculate the velocity acquired in ii* by a body falling in 

Ascension Island. This problem is solved by equation (13) ; by tht- 
Table, ^ = 32.0959 ft, which multiplied by ii is equal to the re- 
quired velocity. 353*0549 ft. per sec. 

2. Calculate the space described in r5« by a body falling in Ja- 
maica. By equation (14) the space is equal to half the force of 
gravity multiplied by the square of the time ; but by the Table, 
g ~ 32.1050 ft, hence Ig = 16.0525, which multiplied by 225 is equal 

3611.8125ft 

3. Calculate the velocity acquired by a body in falling through 
TOO ft. in Spitzbergen, By equation (15) the square of the velocity 
IS equal to the force of gravity multiplied by twice the space, i. e. 
200 ft multiplied by ^ = 32.2526, -equal 6450.52; extracting the 

SOiiarfi ■uta <•/» Ua o— 
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4. Calculate the space described hy a falling body at Port Jack- 

son, in 3®.i5r. Ans. 159.5617 ft. 

5. Calculate the time required to fall 316 ft. in New York. 

Jn$. 4,43 secs. 

6 . Find the Telocity acquired by a falling body in Paris, in 9 se- 
conds. Ans. 389.638 ft. per sec. 

7. If a body falls in Sierra Leone through 2 1 6. r 7 1 ft. ; find the ve- 
locity acquired. Ans. 117.79 ft. sec. 

8. Find, in the same case, the time required to describe this space, 

Ans. 3.67 secs. 

9. If a body falling at the Cape of Good Hope acquire a velocity of 

71.30 ft. ; find the space described. Ajis. 79.085 ft. 

10. Find also the time of describing this space. Ans. 2.21 sees. 

11. Find the time required by a falling body in Bordeaux to ac- 
quire a velocity of 131# 17 ft. Ans. 4.077 secs. 

12. Find the time required by a body to fall 200 ft. in Trinidad. 

Ans. 3.530 secs. 


5. Motion of Bodies on Inclined Planes. — If a body, 
instead of falling in a Tertical line, be allowed to run 
down an inclined plane, the force which moves it may 
be varied at pleasure, hy varying the inclination of the 
plane to the horizon. The magnitude of the force which 
impels a body down an inclined plane may be thus 
found : — ^Let AC be an inclined ^ 

plane, whose inclination BAG is 
denoted hy the letter i ; let 0 be o 

a body placed upon this plane; 
draw the vertical line OC' equal 
to the gravity at the place, — Vi \ b 

and complete the parallelogram \U^b' 

C'A'OB' ; OA' is the component 

of gravity which moves the body down the plane ; we 
sh^ call it /; OA' is equal to OC' multiplied by the 
sine of OC'A', which is equal to BAG or % because the 
triangles OC'A' and BAG are similar ; hence — 

i = ^sin$. (i6) 
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This equation enables us, by knomng the amount ot 
gravity, and the inclination of the plane, to solve all 
problems respecting the motion of bodies on inclined 
planes by means of equations (9), (10), (ii). 

There are two general properties of the motion of bo- 
dies on inclined planes which it is necessary to prove: — 


ist. The velocity acquired ly a tody in running down 
any inclined plane is equal to the velo- 
city acquired in falling down the height 
of t: 


2nd. If a circle he drawn in a ver- 
tical plane, and from its highest point 
0, chords te drawn ; the time occupied 
ty a tody in running down any chord 
is constant. 



The first of these propositions is thus proved : — Let h 
represent the height of the plane, i, e. the line BC (fig. 
p. 1 21); by equation (ii), v^-zfs; substituting for / 
its value g sin i (16), we find v^ - igs sin i ; but s sin i 
is equal to h, since s is equal to AC ; therefore, finally, 
v^ = 2gh 

Or " ^ V 2gh, ill) 

This is the velocity acquired by a body running down 
from C to A ; but"^^e velocity acquired in falling from 
C to B under the mfluence of gravity is also equal to 
\/ %gh by equation (i^; consequently the velocity ac- 
quired in xunnii]^ dowri any inclined plane is equal to 
the velocity acquired falling down its height. — 
a. B. D. \ 

The second proposition may be proved as follows : — 
The time of running down any chord OX is, by equa- 
tion (i o). 
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? equal to OX and/= g siu i ; i being the an- 
which is equal to OAX, because OAX is a 
ied triangle, and XE is perpendicular to OA ; 
resent the diameter OA by we shall have 
• to OA multiplied by the sine of OAX ; or, 
'> ; substituting in the equation already found 
.es of /and 5, we obtain, finally, — 





(18) 


e time of running down the chord OX ; but 
)n (14) the time of falling down the diameter 


> represented by 


a/ 9 ' 


hence the time of run- 


1 any chord is equal to the time of falling down 
ter, and is therefore constant. — a. e. u. 


EXAMPLES. 


he time occupied by a body in running d.own 1000 ft. on 
^lane at’Dunkerque, the inclination of the plane being one 


time of descent, by equations (10) and 


(16), 

y gsmi 


al to 




f 05617^ because s = 1000, g — 32.1895, sm i 

extracting the square root, we find 

A71S. t = 59.67 secs. 


inclination of a plane at Toulon be 36', find the velocity 
running down 1000 feet. By equations (ii) and (16), 

iin i, = 6 ^ 2 - 57 ^ since g = 32.1668, s = 1000, and 

047 ; extracting the square root, we find 

Ans. V = 25.95 ft. per sec. 

ho velocity acquired in lo** by a body running down 
plane in the Island of Ascension, whose inclination is 
nations (9) and (r6) we find v := gt sin 2, which, since 
t=z 10, and sin * = 0.000494, is equal to 

Ans. 1.585 ft. per sec. 

I 
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4. An inclined plane at Bordeaux has an inclination of i foot in 

65 ; find the velocity acquired by a body running down it through a 
space of 427 ft. 20.558 ft. per sec. 

5. Find the time of describing 427 ft. Ans. 41-54 secs. 

6. Calculate the space described in 3*. Ans. 2.227 ft 

7. Find the velocity acquired by a railway train in running down 
a gradient of 2164 ft, having a total fall of 31 ft ; the force of gra- 
vity being 32.19, and the resistance from friction and the air being 
estimated at 7 lbs. per ton. If / denote the force down the plane, 
and ^ the force of gravity, 

and therefore Ans, 39.5*^ It* P®!* s®®* 

8. Find, under the same circumstances, the time of running down 

1000 ft. Ans, 7448 secs. 

9. If the inclination of a plane in Greenland be 14® ; find the space 

described in 5 secs. Ans. It. 

TO. Find the space described in 5*, on a similar plane, in the Island 
of St Thomas, Gulf of Guinea. Ans. 97.048 ft 

1 1. Calculate the velocity acquired in Ex. (9), in running down 

100 ft Ans. 39.5 ft per sec. 

12, Also the velocity acquired in ii*. Ans. 85.80 ft per see. 


6. EKperimental Proofs of the Iiaws of Hectilinear 
Motion ^TKe laws of rectilinear motion of a body, un- 

der the influence of a constant force, have been deduced 
from the laws of motion laid down in the first chapter ; 
but this method, although the most systematic, is not 
the most natural, since the Laws of Motion were origi- 
nally deduced from observations made on the motion of 
bodies acted on by a constant force. The only constant 
force suitable for such observations, with which we are 
acquainted, is the force of gravity ; hut as the velocity 
produced by this force is too great for direct experi- 
ments, it is necessary to devise some method by which 



verse by means of a small pn^ey. ^ticb 

It appears from equation (i^)’ ^ the sme of 

actuates^ body is gravity, or 

the angle of inclination; consequently bj 

diminisbingthe inclinatmn, we can velocity ac- 

nisb tbe force at pleasuie, and . y 

’"Si.g .teteW a. »rd .t . el^f “Jiit « 

iJl™ tte TOgkt t® "« S a peodutom 

jSi^s'^^ntvr^stv® «>» trsets 

£fs^«i i. ‘O' r, ■>“£ 

three seconds, and so _ -nropoi'tio^^^ 

find that the e. to the sq^arf 

tosrwlneh establishes the truth of ®<l’^^^®’^other’laws 
pZ; that gravity is a eonst-t toy the in- 

of rectilinear motion may also be wnM illustrating 
dined plane of Galileo; hut as ^ prior to th.e me- 
¥h(^ -nrinciples of Dynamics, it is yery in -vsrDicli ad-“ 

td'dSV 'altoirtti 

mits of an easy explanation, aithouglt ^t,servmg aie 

• Btruction and I*® t 

Atwood’s ^aeMne, yf'h.en reduced ^ practice is 

tary form, consists of a pulley 0 (wbieh 
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generally mounted on four friction wheels), o 
and a cord passing over it, at the two ex- 
tremities of which are suspended two unc- 
qua! weights, P and Q,; if these weights ^ 
were equal there would be no motion, and 
the smaller the difference between them is, 
the less will be the motive force and conso- 
quent velocity : let / represent the Dynami- 
cal force which animates the system; the 
Statical force which produces this Dynami- 
cal force is evidently P - Q, i. e. the difference of oiic 
weights, and the mass moved is the sum of the masses 
contained in F + Q; if the weights P and Q were al- 
lowed to fall together by the force of gravity, they 
would acquire in one second a velocity equal to the 
Statical force producing this velocity being evidently 
F + Q, i . e. the sum of the weights ; we have, there- 
fore, by the second law of motion, 

f:^.:F-Q:F-hQ, 

because the Dynamical forces arc to each other as the 
Statical forces producing them ; hence we obtain — 

It is evident that we can make the force / as small as 
we please by diminishing the difference P - ( 2 ; the mo- 
tion produced by this force is therefore completely un- 
der our control, and may be made as slow as the conve- 
nience of observation requires. All the laws of rectili- 
near motion caused by constant forces, equations (9), 
(10), (i i), may be illustrated by means of this machine, 
with such accuracy as to leave no doubt of their truth 011 
the learner’s mind. Atwood’s Machine and the Inclined 
Plane of Galileo are both based upon the principle of 
diminishing the force of gravity, so as to allow of direct 
observation of the motions produced. So far as 
proof of the laws of motion is concerned, no apparatus 
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can be better conceived than Atwood^s Machine,* but 
the student must remember that these experiments are 
here mentioned merely as illustrations, and not proofs, 
of the laws of motion. The most certain proofs of these 
laws, as we have already mentioned, are to be found in 
remote and indirect consequences, which admit of easy 
and accurate observation, and from which we can reason 
back rigorously to the law’s of motion assumed at the 
commencement of the study of Djmamics. 


Exercises on Constant Force* 

The equations (9), (10), (ii), must be modified as follows, if the 
body to which the force is applied be already in motion with a velo- 
city r, 

V = V ±ft, (9 bis) 

s = Vt ± (10 bis) 

i;2= V^+^fs^ (n bis) 

the positive or negative sign being used, according as the velocitj’- acts 
with or against the force. By the aid of these equations we are en- 
abled to solve many useful and interesting questions, examples of which 
will be given in the following exercises. 

I. Find the height to which a body projected vertically with a ve- 
locity of 80 feet per second ■will ascend. When the body has reached 
its greatest height, its velocity v is nothing •, therefore, making n = o 
in 'equation (ii bis), we find 

o = - 2/s = (80)2 - 64s, 

and ihercfore, 

A ns. s = 100 ft. 
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second stone, and t the number of seconds measured from the starting 
of the second stone ; then 


And finally 


a = i6 + 3)2 
«'= 16 

^ s’ = 600 ft. = 16 ( 6 t -f 9). 


A ns. Depth = 961 feet. 
Time = 7f seconds. 


3. If two weights P and P’ rest on inclined [ilanes, whose inclina- 
tions are i and i\ and be joined by a string passing without friction 
over a pulley at the common vertex of the planes ; find the velocity 
acquired in one second by the weights. 

Let /be the required velocity ; we then have the statical force, 
Psini-P'sin i\ iwoducing the velocity /in, the two bodies; but 
in the same time the weights P -l- P' would produce the velocity 
g ; and, therefore, by the second law of motion, 

, ^ P sin i — P' sin 

Ans.f^g . 


4. A stone is projected vertically upwards with a velocity of 150 ft. 
per second, and, one second after, another stone is projected with a ve- 
locity of 200 ft. per second. When and where will the stones meet? 
Equation (ro bis), for the first stone is 

s = 150 t - 16 

and for the second 


s = 200 (t - i) — 16 (t — 1)2. 

Equating the values of 5, we find, Ans. t = 2.634 sees. 

if = 284 ft. 

5. A horse exerting a traction P on a waggon whose weight is W, 
draws it up a hill, of height h and length I ; find the time of ascend- 
ing the hill ? 

6. A stone is projected vertically downwards with a velocity of 50 
feet per second ; if a second stone be projected after it in 10 seconds, 
when will it overtake the first stone, the velocity of projection of the 
second stone being eight times that of the first. 

This question is solved by (lo bis). 



second. 


J 


ns. /= 


gh 

hh' 


7Vih^W2h 

“>1 + ^2 * 


8. A stone, in falling, describes the n’^^part of the height in the last 
second ; find the time of falling. 

Ans. t = n 4:\/ n (n ~ i) 

9. A stone is thrown vertically down a cliff 300 ft. in height, and 

is observed to reach the base of the cliff in 4 seconds; what was the 
velocity of projection? Ans. ii ft. per second. 


10. A stone is thrown vertically upwards from the bottom of a 

tower 300 ft. high, with a velocity of 100 ft. per second; after what 
time should another stone be projected downwards from the summit of 
the tower, with the same velocity, in order that they may meet at the 
middle point of the tower? Ans. 1.25 seconds. 

11. A stone is-dropped from a height of 400 ft., and, when it has 
fallen through 50 ft., a second stone is projected after it, so that both 
stones reach the ground together; find the velocity of projection. 

Ans. 7 2 ft. per second. 


12. The time occupied by a body in running down an inclined 
plane is n times the time occupied by another body in falling down its 
height Find the inclination of the plane. i 

Ans. Sin i = “. 

n 


13. It is required to divide an inclined plane, whose length is/, into 
n parts, sucii that the times of describing the successive parts shall be 


equal 


Ans. • 


:: 5 ’ 


14. Find the velocity with which a body should be projected down 
an inclined plane, so that the time of running down the plane shall be 
equal the time of falling down the height 

Vzg/i 
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15. Find the inclination of this plane, when a velocity of 4ths thuf 
clue to the height is sufficient to render the times of running down the 
plane, and of falling down the height, equal to each other. 

30®. 

1 6. Through what chord of a circle, drawn from the bottom of the 
vertical diameter, must a body descend, so as to acquire a velocity 

equal to -th part of the velocity acquired in falling down the vertical 
diameter ^ 

Jns. If e denote the angle between the required chord 


and the vertical diameter, 


cos 0 = 


17. Find the radius of a circle, such that a body running down will 
describe the radius in the same time that another body requires to fall 
clown the vertical diameter. ^ ^ 

uins. The radius required makes an angle of 60® with 
the vertical diameter. 

U-l a body falling will describe the 

last half in the same time as the vertical diameter. 

^ns. cos 6 = — 4 

2V2 

^ = 85® 4' 43" 6 . 

19. A falling body describes one-third of the entire height in the 
last second ; find the height, and time of descent. 

Ans. Time = 5-449 seconds. 

Height “ 475 ft, 

vertically upwards with an unknown velo- 
reached a known height, A, the time, t, is mea- 
smed, which elapses until the bodv, in falling, again nasses tlio 
pmnt, whose height is A. Find, the Velocity o/p™^;"ioraTd "Je 
total height to which the body ascends. 

Am. 

ai. what velocity must a body be projected doivnwards so 

“rrugh :TtaU°;r'^*^’'® '®"®" 


Am. Velocity = - + ^ 
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22. A descending weight Pdraws a weight Q up an inclined plane, 
whose height and length are h and Z, by a cord passing over a pulley 
at the summit of the plane; find when the cord should be cut, in order 
that the weight Q may just ascend to the top of the plane. 

Ang. The weight Q must have reached a distance from 

the bottom of the plane = — x - 

Jr A 4- Z 

23. A body is projected vertically downwards with a velocity Fi; 
when must a second body be projected with a velocity V2, so as to 
overtake the first body in t seconds after the projection of the former? 

Ans. J + r>) ± VgV + 

24. A weight of 30 lbs., resting on an inclined plane of 60°, draws 
(by means of a string passing over the common vertex of the two 
planes), another weight of 20 lbs., rating on a plane of 40° inclina- 
tion. Find the velocity acquired in the first second of the motion, 
and the tension of the string. Atis. t> = 8.39 ft, per second, 

T— 18.108 lbs. 

25. If two weights, P, P\ resting upon planes 2, 2", and joined as 
in the last example, be in motion; find the tension of the string. 

PP' 

Ans. p-j-^(sin2 4-sini'). 

26. A weight Q, resting on a horizontal table, is drawn along the 
table by a weight P, attached to Q by means of a horizontal cord 
passing over a pulley placed at the edge of the table. If fj, denote the 
coefficient of friction, find the tension of the cord. 

PQ 

+ Z')- 

27. If in example (25) both weights rub with a friction, whose 
coefficient is /x against the planes ; find the tension of the string. 

PP' ( ^ ^ , \ 

Ans. p ^ O + A* 0 ]• 

28. A body is projected along a horizontal surface with a velocity 
of 20 feet per second, and is brought to rest in 400 yards. Find the 
coefficient of friction, and the duration of the motion. 

Ans. a = 

192 

Z = 2 minutes. 

29. Find the inclination of Galileo^s plane, which will give a vdo- 
city of one foot per second, in one second, if the idction be /x = J. 

Ans^ 20® 8^ 
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CHAPTEE lY. 

ON UNIFORM CIRCULAR MOTION. 

I. Centrifugal Force. — 2. Diumal Rotation of the Earth. 

1 . Centiifa^al Force. — ^By the first law of motion it 
appears that a body in motion, not acted on -by any 
force, will continue to moTe uniformly in a right line ; 
consequently, an)" variation in its velocity, or any curva- 
ture in its path, is a sure sign that some external force 
acts upon it 

In the last chapter we considered the alteration of ve- 
locity produced by a constant force acting in the direc- 
tion in which the motion takes place. In the present 
chapter we shall consider the mode of estimating the 
amount of the force which causes the path of a body to 
deviate from a right line, in the case of uniform circular 
motion. 

Let YOO'C be a circle described by a body in uniform 
motion, and let a regular polygon YOO', &c., be in- 
scribed in the circle, whose sides are so small that we 
may assume the polygon to coincide with the circle; and 
let the unit of time be so chosen that each side YO, 00' 
is described by the revolving body in the unit of time ; 
YO or 00', therefore, represents the velocity of the body. 
!ljbe body, having travelled from Y to 0 in the unit of 
time, would in the next unit describe the line OA equal 
to YO, but at the point 0 it is impelled by a force in the 
direction OC, which compels it to describe the line 00' 
instead of 0 A; therefore, completing the parallelogram 
OAO'B, the line OB represents the deflecting force, and 
OX is half the deflecting force ; but in the right-angled 
triangle COO^ 00' is a mean proportional between CO 
fflid OX ; therefore, if the deflecting force, the velocity, 



and finally 



c 


The centrifugal force, which is equal and opposite to the 
deflecting force, is therefore directly proportional to the 
square of the velocity, and inversely proportional to the 
radius of the circle descriled. 

The equation (20) may be put into a more convenient 
form, in the following manner. Let T denote the time 
of describing a complete revolution, called the Periodic 
Time, and let represent the ratio of the circumference 
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of a circle to its diameter, i. e. 3.14159 ; the circumfe- 
rence of the circle described will be 27 rr, which is the 
space described in the time T, By equation (i ) the ve- 
Laoity is equal to the space divided by the time, i. e. 


27 rr 



hence, substituting this value in equation (20), we find 

(21) 

i e. the centrifugal force is directhj proportional to the 
radius of circle described^ and inversely proportional to the 
square of the Periodic Time. 

In equation (20), (21), the force /is understood to be 
fclie force applied to the unit of mass. If it were neces- 
sary to compare the effects of centrifugal force upon 
different bodies, we should then multiply each centri- 
fugal force by the mass of the body it is applied to move. 

EXAMPLES. 

1. If a body be compelled to move on a circle with a velocity of 

300 yards per minute, the radius of the circle being 16 feet, calculate 
tlie centrifugal force. Ans. 14.062 ft. per sec. 

2. If a body be compelled to move on a circle, whose radius is 17 

yards, with a velocity of 361 feet per second, calculate the centrifugal 
force. Aub. 2555.3 ft. per sec. 

3. If a body, weighing 17 tons, move on the circumference of a 
circle, whose radius is 1 1 10 feet, with a velocity of 16 feet per second, 
calculate the centrifugal force in tons. 

The centrifugal force in tons : weight of body in tons ; : the centri- 
fugal force in feet ^ = ^ : gravity in feet ; i. e. 

Centrifugal force in tons ; 17 tons : : ; 32.1948. 

Hence, centrifugal force equal Ans. o. 1217 ton. 
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4. Tf a body, weiglnng 1000 lbs., be constrained to move in a cir- 

cle, whose radius is 100 feet, by means of a string, capable of sustain- 
ing a strain not exceeding 450 lbs., calculate the velocity at the 
moment the string breaks. Ans. 38.06 ft. per sec. 

5. If a railway carriage, weighing 7.21 tons, moving at the rate 
of 30 miles per hour, describe a portion of a circle, whose radius is 
460 yards, calculate its centrifugal force in tons. 

Jins'. 0.314 ton. 

6. Two bodies, weighing respectively 13 lbs. and 16 lbs., move 

with ditfei'ent velocities on circles w'hose radii are 1 1 feet and 15 feet 
respectively: find the ratio of their velocities when the centrifugal 
forces exerted upon them are equal. Ans. nearly. 

7. The time occupied by a body in describing uniformly a complete 
revolution in a circle, whose radius is ii feet, is 16 seconds, calculate 
the centrifugal force which acts upon it. Ans. 1.696 ft. per sec. 

8. If the time occupied in describing 61*' of the same circle be 1 1 
minutes, calculate the centrifugal force. Ans. 0.000028 ft. per sec. 

9. If the radius of the circle be ii yards, and the periodic time 4 
minutes, calculate the centrifugal force. Ans. 0.0226 ft. per sec. 

10. Tf the centrifugal force, in a cirde of 100 feet radius, be 146 

feet per sec., find the periodic time. Ans. 5.2 secs. 

ir. If the centrifugal force be 131 ounces, and the radius of the 
circle 100 feet, the periodic time being one hour, calculate the weight 
of the body, Ans. 386.309 tons, 

2. Diurnal notation of tlie Darth. — ^In the diumal 
rotation of tlie earth on its axis have a remarkable 
example of centrifugal force ; in this 
case the periodic time is the same 
for all parts of its mass, and conse- 
quently every particle of the matter 
comp 0 slug the earth is repelled from 
the axis of rotation hy a force pro- 
portional to its distance from that 
axis {pidj. equation 21). It is plain 
that the centrifugal force arising 
from the earth’s rotation diminishes t 

the attraction which is exerted by the earth on all bodies 
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at its surface. We shall first calculate the effect pro- 
duced hy centrifugal force at the equator, and then de- 
scribe its effects at other points on the earth’s surface. 
Let PP' be the axis on which the earth revolves, and 
YE the equatorial radius equal to R; let 6^ denote the 
attraction of the earth uninfluenced by rotation, and g 
‘ as usual denote the actual gravity ; if / represent the 
centrifugal force at the equator, we shall have 

f=G-9-, 

/is known, from equation (21), by substituting for 
the earth’s equatorial radius, 20923596 feet, and for 
T, the number of seconds in a sidereal day, 86164^ j 
thus obtain /= 0.11126 ft. per sec., and since g (the 
force of gravity at the equator) is about 32.088 ft. per 
sec., we find, 

^ 288.40’ 

and finally, 

289.40* 

This may be expressed in whole numbers, by stating 
that the force of the earth’s attraction is 289 times the 
centrifugal force at the equator. 

The effect of the earth’s rotation at the other points of 
its surface may be thus found : — Let 0 be any point on 
the surfece, OE being its latitude, represented by I ; draw 
OX perpendicular to the axis of rotation PP',* make OC 
equal to the required centrifugal force ; and call this 
unknown force 4 > J then resolve the force 00 into 
two components OE and OA, one in the prolongation 
of the earth’s radius, and the other perpendicular to it ; 
the component OE is employed in diminishing gravity, 
and its amount may be thus calculated : OE is equal to 
OC multiplied by the cosine of EOC, which is equal to 



but if R denote tiie radius YO, we have OX = R cos 1 ^ 
and therefore finally OB, or 

The component of centrifugal ) _ 
force diminishing gravity j “ 

The part of centrifugal force which is employed in 
diminishing gravity is thus proved to 'vary as the square 
of the cosine of the latitude. If the latitude be equal to 
zero, i. e. if the point be situated on the equator, cos I 
will be equal to unity, and the centrifugal force will be 
equal to 

4 ^ 


which has been already shown to be equal to o. 1 1 1 26 
feet per sec. ; introducing this coefficient, we obtain for 
the surface of the earth the equation 

OB = o.i 1126 cos^ Z, 

The component of centrifugal force OA, perpendicular 
to the radius of the earth, is employed in transporting 
the materials of which the earthh crust is composed to- 
wards the equator ; this is evident from the direction in 
which it acts j in consequence of this tran?q)ortmg forces 
the shape of the earth, even though it were supposed to 
have been originally spherical, would tend to become 
somewhat flattened at the poles, and protiuding at the 
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equator ; tlie amount of tlie transporting force is easily 
calculated : OA is equal to 00 multiplied by the sine of 
BOO or latitude. 

Therefore 


or, since 


OA == <j> sin 


<j> « ^ 0 ]^ ^ QQQ 

we find OA, or 

Force transporting materials > , 

towards the equator 5 = -fT ^ (= 4 ) 

or, for the surface of the earth, 

OA = o. 1 1 1 26 sin I cos I. 

It is easy to proYe from this equation that the trans- 
porting force will be equal to zero at the equator and at 
the poles, and will have its greatest value at the latitude 
of 45°, where it becomes equal to half the centrifugal 
force at the equator. 


Kxercises on Centrifugal Force. 

1. Calculate the effect of centrifugal force in diminishing gravity 
in the latitude 60®. By equation (23) the component of centrifugal 
force employed in diminishing gravity is equal to cos2 60“ multiplied 
by 0.11126 ; cos* 60® = 0.25000 ; hence we obtain the component of 
centrifugal force, = 0.0278 ft. per sec. 

2. Calculate, for the same latitude, the component of the centrifu- 

gal force employed in transporting the materials of the earth’s crust 
to the equator. This is done by means of equation (24). Sin 
60® = 0.86602; cos 60“ = 0.50000 ; multiplying the product of these 
quantities by 0.11126, we obtain finally the transporting force equal 
to 0.04817 ft. per sec. 
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3. Calculate the diminution of gravity caused by centrifugal force 

at the latitude of 23“. Ans, 0.09 ft. per sec. 

4. Calculate the transporting force at the same latitude. 

Ans. 0.04 ft. per sec. 

5. Calculate both these forces for the latitude of Dublin, viz., 
53 ° 21'* 

Force diminishing gravity = 0.0396441 ft. per sec. 

Transporting force = 0.0532837 ft. per sec. 

6. Calculate the diminution of gravity at the Sun’s equator caused 
by centrifugal force, the radius of the Sun being 441000 miles, and 
the time of revolution on his axis being 607 h. 48 m. 

A71S. 0.019200 ft. per sec. 

7. Calculate the centrifugal force at the equator of Mercurj", the 
radius being 1570 miles, and the time of revolution 24 h. 5 m. 

Ans. 0.04353 sec. 

8. Find centrifugal force at the equator of Yenus; radius being 
3900 miles, and time of revolution 23 h. 21 min. 

An.s. o. 1 1504 ft. per sec. 

9. The radius of the planet Mars is 2050 miles, and his periodic 
time 24 h. 37 m., find centrifugal force at the equator. 

Ans. 0.05441 ft per sec. 

10. The radius of Jupiter is 43500 miles, and periodic time is 

9 h. 56 m. ; find centrifugal force at equator. 

Ans. 7.09068 ft. per sec. 

11. The radius of Saturn is 39580 miles, and periodic time is 

10 h. 29 m. ; find centrifugal force at equator. 

Ans. 5.79243 ft per sec. 

12. The radius of Uranus is 17250 m., and the periodic time 
9 h. 30 m. ; find the centrifugal force at his equator. 

Ans. 3.0741 ft per sec- 

13. The Moon’s distance from the Earth is 59.96435 radii of the 

Earth; the Earth’s diameter is 7925-6 m., and the periodic time of 
the Moon is 27 d. 7 h. 43 m. ii s. ; find the centrifugal force of the 
Moon in her orbit Ans. 0.0088891 ft per sec. 

14. Supposing the Earth’s attraction to diminish the square of 

the distance increases; find what it becomes at the distance of the 
Moon, gravity bring 32.2 ft Ans. 0.0089551 ft pwi^c. 

15. Find a superior limit to the height of the Earth^s atmosphere 
at the equator, by making the centrifugal force equal to gravity. 

An9. 22250 miles. 

J 
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1 6. Jf a body move uniformly, with a velocity tr, round the sides 
of a regular polygon of n sides, by virtue of a blow given at each cor- 
ner in the direction of the bisector of tlie angle find its amount. 
Am, It must be such as would generate in the moving 
body a velocity, 

. 

f = 2 V ^in — . 

n 


17. An equilateral triangle, whose sides are each 50 ft., is de- 
scribed by a body of 14 lbs., in 10 seconds; find the amount of the 
blow that must be given at each comer. 

Ans, Force of blow = 1 1.36 lbs. 

1 8. - If this blow be given by a hammer moving at the rate of i ft. 

per second, what must be its weight ? Am. 365.79 lbs. 

19. If a pendulum, whose length is I, be made to move on a hori- 

zontal circle, so as to make an angle 9 with the vertical ; find its 
velocity and time of revolution ? . . 

N. B. — This pendulum is sometimes called conical, and occurs in 
the governor of the steam engine. 

sin 9 tan 9 . 


20. A heavy body, suspended by a flexible cord, revolves in a 
vertical circle ; find under what circumstances may the strain upon 
tlie cord vanish. 

Ans. It is easy to show that there exists a certain horizontal line 
from which, if the body were let fall,' it would have the 
same velocity that it has in the point of the circle cor- 
responding to its intersection ; let this line be drawn. 
Draw a perpendicular from it to intersect the given cir- 
cle, such that the intercept between the line and circle 
shall be one-fourth part of the chord of the circle. At 
this point of the cirde the strain on the cord vanishes. 

21. Balls, weighing each 10 lbs., are fixed at the ends of a rod 
8 fp long^ revolving 100 times per minute round a central vertical 
axis. Find the tension of the connecting rod. 

Ans. 137.08 lbs. 

22. What should be the time of rotation of the earth, in ordey that 
bodies at the equator should have no weight? 

, Ans. The day should be one-seventeenth part of its present length. 


Am. i> 


■4 



3. Time of falling down a Circular Arc. — 4. The Simple Pendu- 
lum. — ^5. Acceleration due to Change of Place. — 6. Acceleration 
due to Change of Length. 

I. Motion of a Body down a System of Inclined 

Planes. — a heavy body fall down a system of inclined 
planes, and if we suppose that it loses no velocity in 
passing from one plane to another, it maybe proved that 
the final velocity is equal to that which would he ac- 
quired in falling down the height. 


A . P ^ 



Let the system of planes be represented by the 
lines AB, BC, and .CD, and its height by AH. By 
equation. (17), the velocity acquired in falling down 
AB is equal to that which would be acquired in falling 
down the plane FB, since they have the same height. 
And if we suppose the body to enter the plane BC, 
without any loss of velocity in ‘passing from AB to BO, 
it is evident that the velocity acquired at the point C 
will be equal to that which would he acquired in falling 
down GC. And finally, if it enter the plane CD with- 
out loss of velocity, it will arrive at D with the same 
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velocity as if it had descended from G along the plane 
G-D; and as the height of this plane is equal to that of 
the system, it follows from (17), that if he the final 
velocity, 

= 7. cr X height. 

2. Velocity acquired by a Heavy Body in fallinfr 
do-B^n a Circular Arc — Let AX be an arc of a circle 
whose plane is vertical, 
and let AGr and XH be 
horizontal lines drawn 
to meet the vertical dia- 
meter in the points G 
and H ; if a heavy body 
descend from A to X 
along the arc AX, its 
velocity at X will be 
equal to that which would 
be acquired in falling 
down the height GH. 

Tor if AX be divided 
into an indefinitely great 
number of small arcs, the whole may be considered as a 
system of inclined planes along which the heavy body 
wiU pass successively without any loss of velocity. The 
velocity at X, therefore, wiU be that due to the height, 
and therefore 

t;* = X GH. 

If the radius of the circle he denoted hy I, and the 
.chords AB and XB by a and x respectively, it fol- 
lows, because the triangles BAD and BXB are right- 
angled, that BG = -4- 2Z, and BH = -4-2?, and^ 

therefore, that GH = EG - BH = - x^) -4- 

^stituting this value of GK, we obtain 

- .. . (*5) 
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EXAMPLES. 

1. If the radius of the circle be 72 feet, and the body fall from a 
distance of 50 feet from the lowest point, until it reach a distance of 
30 feet; calculate the acquired velocity, if^ = 32. 

Ans. 26§ ft. per sec. 

2. If the radius be roo feet, and if the body fall from the extremity 

of the horizontal diameter ; calculate the velocity, after describing half 
the quadrant, if ^ = 32.1908. Ans, 67*47 ft. per sec. 


3. Time of falHng^ down a Circular Arc. — The prob- 
lem of expressing the time of a heavy body falling down 
a circular arc is incapable of solution in finite terms, ex- 
cept in the following case, which alone is of practical 
importance. 

Let the point A, from which 
the descent commences, be so 
near the lowest point B, that 
the length a of the arc BA 
does not differ sensibly fi:om 
its chord, and a fortiori the 
length X of the arc BX from 
i^-s chord. With B as centre, 
and the length BA as radius, 
describe a semicircle cutting 
the tangent drawn at B, in 
the points 0 and O'; on BO 
assume BP = BX, X being 
the point at which the heavy 
body has arrived. After an 
indefinitely short period, let it 
arrive at X', and let P'B be 
assumed = BX', draw the Hues 
PQ, and P'Q,' perpendicular, and QS parallel to BO, and 
join BQ; then, since = BQ,^ - BP® = PQ®, we may 

express the velocity of the heavy body at X, by substi- 
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tuting in eqnacion (25) for - re- its value PCI®, we 
thas obtain ^ 

Tbroiigli tlie indefinitely small arc XX' we may sup- 
pose the velocity constant, and therefore, by equation 
(i), the time of describiijig it may he expressed by 
space -4- velocity = XX' -f- and therefore 


Time of describing XX' = - x -^rrTT* 

\ ff FQ 

Prom the similar right-angled 'triangles BQP and 
QQS, we have QS : CIQ' : : PQ, : BQ. Or, substitu- 
ting for QS and BQ their equals XX' and a respec- 
tively, XX' : QQ' : : PCi : a; and therefore alternando 
(Euc..v. 16) XX' : PQ : : QQ' : and XX';-f- PQ 

= QQ' a- Substituting this in the last equation, we 
find 

Time of describing XX' — ^ -x — 

><7 a 


If the whole arc be divided into an indefinitely great 
number of elements similar to XX', the time of falling 
from A to B will be equal to the sum of the times of de- 
scribing each element separately. But the sum of the 
elements QQ' of the quadrant O.T) -4- its radius, is equal 
to the length of the quadrant ^ a - (Manual of Tri- 
gonometry). And therefore. 


Time of describing AB = — ^ 

2 


4. TOe Simple Pendulum. — A heavy body X sus- 
pended from -a fixed point C by a fine string or rod,* 
which vibrates in a small circular arc on each side of 
the lowest point B, is called a simple pendulum. When 
the heavy body, which is usually called the loh of the 
pendulum, descending from A, has reached the lowest* 
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point B, witli a Velocity . dne to heigiit of A above B, it 
will commence to ascend tbe 
opposite arc with this velo- 
city, and will continue to as- 
cend with a gradually dimi- 
nishing velocity, until it 
reaches A' at an equal height 
above B, from which it will 
again descend towards B, and 
would thus continue swing- 
ing to and fro through equal 
arcs for ever, if it were not 
checked, and graduaUy brought 
to rest, by such forces as fric- 
tion, Hgidity in the mode of 
suspension, resistance of the 
air, and such like. It is evi- 
dent that T, the time of one 
oscillation, is double the time 
of descending from A to B, and therefore, by equation 
(26) we have 




As the value of T in this equation depends solely on 
the length of the pendulum and the force of gravity, it 
appears, that for small arcs the durci'i'i'On of an oscillation 
is indejpendent of the length of the arc of miration: from 
this property the vibrations of a pendulum are said to 
be isochronous. Solving the last equation for I, we ob- 
tain 



(27) 


As g in this equation signifies twice the number of fetd 
whiclbL a heavy body Mis through in a second, / must 
express the number of feet in a pendulum, the duration 
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of whose vihration is T seconds. If L denote the length 
of a seconds pendulum, i. e. of a pendulum which oscil- 
lates once in every second, we obtain its length by mak- 
ing I in the last equation, which gives 


Substituting this value of ^ -4- in the expression 
for we obtain 

I = LT\ (29) 

IProm which it follows, that the length of a ^pendulum is pro- 
portional to the sgiiare of the nuinler of seconds in one vi- 
bration. 

From the Table in page 120, it appears that in London 
<7 = 32.1 908 ft. per see. ,* substituting this number in equa- 
tion (28), and reducing the result to inches, we obtain 

Length of a seconds pendulum in London = 39* 14 inches. 

From equation (28) we obtain the value of the dyna- 
mical measure of gravity in terms of the length of the 
seconds pendulum, 

^ (30) 

This furnishes the most accurate method of determin- 
ing the values of gravity at different parts of the Earth^s 
snrface. The Table in page 120 has been constructed 
from observations made on the length of the seconds 
j^endulum. 

EXAMPLES, 

1. From the value of g in Table, page 1 20, calculate the length of the 

s^econds pendulum in Paris. An$. 39.128 inches. 

2. From the experiments of Kater and Sabine, the length of the 
peconds pendulum in London has been shown to be 39*139 inches, 
from rius calculate the dynamical measure of gravity. 

. Ant. 32.1905 feet per sec. 
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3. Calculate the length of a seconds pendulum at Spitzbergen. 

Ans. 39.2144 inches. 

4. Calculate the length of the seconds pendulum at the Isle of 

Rawak, on the Equator. Ans. 39.0144 inches.. , 

5. Dent’s clock, ■which is erected in the clock-tower of the Houses 

of Parliament, Westminster, has a pendulum which vibrates once in 
two seconds ; calculate its length. Ans. 13.046 feet. 

6. Calculate the length of a half-seconds pendulum in London. 

Ans. 9.78 inches. 

From tlie experiments on tiie length, of the seconds 
pendnlnm at various latitudes, north and south of the 
Equator, made for the English Grovemment by Captain 
Kater and Colonel Sabine, and for the French Govern- 
ment by MM. Eoi’da, Biot, Mathieu, Eonvard^ Arago, 
Chaix, and Captains Euperrey and Freycinet, the fol- 
lowing simple relation may be deduced between the 
length X of a seconds pendulum at any latitude \ and 
39, 1 18, the length of a seconds pendulnni at the mean 
latitude 45°, - ’ 

Z = 39.118 --rV cos zX. (31) 


EXAMPLES. 

1. Calculate the length of the seconds pendulum, and the dynami- 
cal measure of gravity, in Dublin, at the latitude of 53° 20' H. 

.idna. 39.146 in. 

= 32.196 ft. per sec. 

2. Calculate the length of the seconds pendulum, and the dynami- 
cal measure of gravity, in Edinburgh, at the latitude of 550 57' 

Ans. L = 39. 155 .in. 

g - 32.204 ft. per sec. 

3. Calculate the length of the seconds pendukm, and the dynami- 
cal measure of gravity, at the Equator, and at the Pole. 

Ans, At the Equator, L = 39.018. in. 

g — 32.09 1, ft. pCT sec. 

At the Pole, L = 39.21 8. in. 
g = 32.255 ft per sec. 
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5. Acceleration due to Chang^e of Place. — Ifn be 

the mimber of vibrations made by a pendulum in a mean 
solar day, wbicb contains 86400 seconds, then 7"= 86400 
Substituting this value in equation (29) we ob- 
tain 

w* = y X (86400)-. (32) 

If we transport the pendulum I to another latitude, 
where the length of the seconds pendulum isZ', and the 
number of vibrations we have 

U 

W'* = y X (86400)*; 

and by division, 


subtracting each side from unity, we obtain 


but rj? - = (w 4 n/) (n — d) = in (n — n') as n and w' 

are very nearly equal ; mahing this substitution, and 
solving, we obtain for (n — n') the acceleration of the 
number of vibrations of a pendulum for one solar day, 
consequent on its removal from one latitude to anotlier, 
the following value, 



z-r 

L • 


(33) 


and as i by equation (30) is proportional to g, 


n-n' - 


n 

- X 

2 


9 - 9 ' 

9 


(34) 


EXAICPLES. 

I. Calculate the retardation in a pendulum beating seconds at Lon- 
don, if it be transported to the Eauator. Ans, 133.5 seconds. 
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2. Colonel Sabine observed that the number of vibrations of a pen- 
dulum in London, in a mean solar day, was 85945.80. Having 
conveyed the same pendulum to Paris, he observed the number of 
vibrations to be 85933.83. From this calculate the difference of 
gravity, in London and Paris, as a fraction of its total amount. 

J . . - Ans* 

3. From the experiments made by Mr. Airy, the Astronomer-Royal, 

in the Hartoii coal-pit, 1260 feet deep, near South Shields, it was as- 
certained that a pendulum beating seconds at the surface, if conveyed 
to the bottom of the ‘pit, gained 2 J seconds in a day. From this cal- 
culate the increase of gravity at the bottom of the pit, as a fraction of 
its total amount. Ans. 


6. Acceleration due to Change of I^ength. — If T 

be the time of vibration of a pendulum whose length is 
/, it follows from equation (29) that 



If I become V, and the corresponding vibration T' 
seconds, a number differing very little from T, if the in- 
crease of length be inconsiderable, 

V 


by division 


" r 


Subtracting unity from each side, and making reduc- 
tions similar to those used in deducing equation (29), we 
obtain for the increase of time of vibration due to an in- 
crease of length the foUowmg expression, 


T V -I 
2 . . I 


( 35 ) 


The adjustment of. a pendulum to its^ proper length is 
generally effected hy a -nut on the end sof the rod; hy 
■which the bob can be screwed up or down. By length- 
ening the pendulum we increase ■flie duration of a -vibra- 
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tion, or dimiiiisli the number of swings in a mean solar 
day, and thus retard its rate ; by shortening, we accele- 
rate its rate. In equation (35) T' - T is the error of 
time in one vibration due to a change of length ; if this 
error accumulate for a day which contains 86400 se- 
conds, we obtain 

r — / 

Error in a day = 43200 x — (36) 

We can ascertain, either by calculation or by trial, the 
effect of one turn of the nut; fractional parts of one 
turn are generally estimated by dividing the rim of the 
nut, and placing an index over it, so that we can elevate 
or depress the bob through a distance equal to one thread, 
one-half, one-quarter, &c., of a thread, at pleasure. 

It is a well-known fact that bodies are increased in 
length by heat, and shortened by cold ; from this it fol- 
lows, that the rate of a clock regulated by a pendulum 
is retarded in hot .weather, and accelerated in cold wea- 
ther. We can correct this error by shortening or length- 
ening the pendulum by a suitable amount, which may 
be calculated if we know the increase of length due to a 
given change of temperature. We subjoin a Table of 
increase of length of materials which have been used in 
the construction of pendulums, due to a change of 10° 
Fahrenheit: 





THE HEHHITLTTM. 


151 


Exercises on the Pendulum. 

r. If a pendulum swinging in London be 45 indies long, by how 
much will its rate be accelerated in one day if the bob be screwed up 
one turn, the screw having 32 threads to the inch ? 

Jns. 30 seconds. 

2. If a clock lose two minutes a day, how many turns to the right 
hand must we give the nut in order to correct its error, supposing the 
screw to have 50 threads to the inch ? A71S. 5.4 turns. ^ 

^ 3. A mean solar day contains 24 hours, 3 minutes, 56.5 seconds, 
sidereal time ; calculate the length of the pendulum of a clock beat- 
ing sidereal seconds in London. 

Ans. 38.925 inches, 

4. Calculate the retardation in one day produced by an increase of 
I* F. of temperature, on a brass seconds pendulum. 

Arts. 0.45 seconds. 

5. Calculate the acceleration in one day produced by a decrease of 
10“ F. of temperature, in an iron i^onds pendulum. 

Ans. 3 seconds. 

6. In a seconds pendulum made of white deal, calculate the retar- 
dation in a day due to an increase of 13“ F of temperature. 

Ans. i.yj second*. 

7. Calculate the effect produced on the rate per diem of a zinc 
dulum, by a fall of temperature of 14'' F. Arts. =5 9.S8 s^xmds. . 

8. The mean winter temperature of Dublin is 42* F., the mean 

summer temperature, 59.5° F. If a clock, regulated by a seconds 
pendulum of steel rod, be adjusted in winter, calculate its weekly loss 
in summer. Am. 33.9 see. 

9. A heavy ball, suspended by a fine wire, vibrates in a small are ; 

48 vibrations are counted in 3 minutes. Calculate the length of the 
wire. Ans. 45.87 feet. 

10. The height of the cupola of St. Paul’s, above the fbor, is 34© 

feet ; calculate the number of vibrations a heavy body wouM make in 
half an hour, if suspended fimn the dome by a fine wire wykii letcli^ 
to within six inches ^ &e fiocnv J w. 17^^ 
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CHAPTEE VI. 

ON THE COLLISION OF BODIES. 

I. . Elasticity of Bodies. — 2. Impact of Bodies upon PlaPe Obstacles. — 
3. Collision of Bodies in Motion. — 4. Coefficient of Elasticity. 


I. Elasticity of Bodies. — ^In the present chapter we 
propose to discuss various cases of the interesting ques- 
tions which arise from the shock or collision of bodies. 
All bodies, whatever be their character in other respects, 
are subject to [N'ewton’s Third Law of Motion, which 
expresses that action and reaction are equal, or, in other 
words, when two bodies come into collision, that the 
momentum lost by one is gained by the other. In solv- 
ing the problem of the collision of bodies, it is, how- 
ever, necessary to take account of another property 
which has not been hitherto mentioned, viz., their elas- 
ticity. With respect to elasticity, bodies are divided 
into three classes:— . 


1 . Perfectly elastic. 

2. Imperfectly elastic. 

3. Perfectly inelastic. 

1. A body perfectly elastic is one that, if it impinges 

perpendicularly on a fixed plane, will recoil back from 
the plane with equal velocity, or the velocity of recoil 
eyuah the velocity of afpro<ich, ' \ . 

2. A body imjperfectly elastic is one whose velocity of 
recoil is less than its velocity of approach. And the ratio 
of the velocity of recoil to that of approach is called the 
coefficient of elasticity. 

3. k. perfectly inelastic body is one that does not re- 
coil at all. 
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imperfectly elastic bodies as the usual case, and deduce 
as particular examples tbe cases of perfectly elastic and 
inelastic bodies. 

2. Iiupact of Bodies npon Plane Obstacles. — ^Wlien 

a body impinges perpendicularly upon a plane, if tbe ve- 
locity of approach be called F, tbe velocity of recoil v, 
and tbe coefficient of elasticity e, we have tbe following 
equation, 

f^ = <?F, (37) 

and it bas been ascertained by numerous expenments, 
that tbe ratio of to F, or coefficient of elaslimty, is 
nearly constant for small velocities of approach. 

If tbe body'impinge 
upon: tbe plane ob- 
liquely, its motion after 
reflexion may be thus 
found. Let 10 be the 
path described by tbe 
impinging body in one 
second, and OH the 
pati described by ibe 
body after reflexion in one second. Eesolve me velocity 
10 or F into its two components, 



Oa; = F sin t, 
FO = F cos £. 



” « sin r, 

OFapcosr. 

A, tte to tho plane is not affected by 

>! HM.l Ol iin. file velocities of approach and recoil, 

ihil 

r sin r = F sin i, 
rimr-.cx Voosi. 

ninflmg imv af thm^ cqmitious by the other, we find 

inn I n ^ tan r, (38) 

w’^v ,u hi Riven the angle of incidence i, and 
f 'iriil p| *’la^ticity <j, wo can readily calculate the 

fn fiiitl the velocity of the body after re- 
11^4. wiftiarc both eq^uations, and add them 
wliirh rcHultH, 

cos^ 1*). (39) 

f in iKjiiations (38) and (39), we shall 

tim r = tan $] 
t?’ s V% 

mm of a perfectly elastic body, the 
eciiial to the angle of reflexion, and 
by the shock, 
we make <? = o, we find 

f » 90®, 

# ^ F mi e, 

that a perfectly inelastic body 
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impingiDg obliquely on a plane, "will, after impact, run 
along tbe plane, with a velocity diminished in the ratio 
of unity to sin i. 


EXAMPLES* 

1. If an imperfectly elastic ball impinge on a plane at an angle of 
30", and be reflected at an angle of 60% find tbe coefficient of elasti- 
city. 

2. A ball moving at the rate of 10 miles per hour impinges at an 
angle of 20“ upon a plane, the common coefficient of elasticity being 
0.24 ; find its direction and velocity after reflexion. 

Ans. r — 56“ 36'. 

V — 4.096 miles per hour. 

3. A billiard-ball is driven from the side of a billiard-table, strikes 
tbe opposite side, and returns to the first side ; prove that the times 
of going and returning are in the proportion of e to unit3% 


3. Collision of Bodies in Motion. — There are two 
cases of coUisiou of bodies iu motion to he considered : 
first, where the bodies before and after impact move iu 
the same line; and secondly, where the bodies before 
and after impact move in different lines. The first case 
is called the Direct, and the second the Oblique, colli- 
sion of bodies. 

Direct Collision , — Let A and B be two bodies moving 
in the same hne and in the same direction ; let My F, 



denote the mass, velocity before, and vdocity after, im- 
pact of A ; and , V', ¥y denote the correi^ondmg 
quantities belonging to B. 

The momentum lost by A in the shock is M ( F - v), 

K 
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the momentuni gained by B is M {p' - V') , therefore, 
by the Third Law of Motion, 

M(r-v) = M' {v' - V'); (40) 

also, since F- F' is the velocity of approach, and -v 
the velocity of recoil ; we have by the Law of Elasticity, 

(41) 

In equations (40) and (41) there are two unknown quan- 
tities V and v' ; solving for these, we find 


M F+Arr~^eM'(r- T) 
M' 

MV^M'V'-e M{r-^ V) 
M+ M' 


(4-) 


If the bodies be perfectly elastic, we must make <9 = 1 
in (42) ; and if we suppose the bodies equal in weight, 
we find. 


v'- Vy 


(43) 


from which it follows that if two perfectly elastic and 
equal balls come into collision, they exchange velocities 
during the shock. 

If the bodies be perfectly inelastic, e- o, and (42) 
become, 

, JfF+Jf'F' 

m+M' ’ (44) 


or, in other words, the two bodies adhere after the shock, 
and proceed with a common velocity represented by 
equation (44). 

If the bodies move in opposite directions before the 



v'=4f 


2. If these bodies were perfectly elastic, what would be their ve- 
locities after impact ? Ans, v = 3f miles per hour. 

«' = 5| n 

3. A goods train weighing 200 tons, and travelling at 20 miles per 

hour, in a fog, runs into a passenger train of 50 tons, standing on the 
same line; find the rate at which the remains of the passenger train 
will be propelled along the line, supposing the coefficient of shock or 
elasticity to be -Ith. Ans. u' = 19.2 miles per hoar. 


Oblique Collision . — ^Let two "bodies, whose masses axe 
if, Jf', move with velocities V, V', along the lines AA' 
and BB', situated iu the same plane, coming into colli- 
sion at the point 0. It is required to find the direction 
and magnitude of their velocities after the shock has 
taken, place. 

Let OX be the line joining the centres, and OY the 
common tangent of the two spheres; resolving the 
velocities in the directions OY and OX, we find the 
components : — 

In the direction OX 

V cos i, K cos r, 

and in the direction OY 

F sin i, F' sin t', 

ij i' denoting the angles between AA' and OX, and BB' 
and OX respectively. 
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If, after tlie shock, aa' and 55' he the directions of the 
motion, and the angles made hy these lines with 021 he 



r, r'j then if v, v' denote the velocities after the shock, 
their components along OX and OY will he 

V cos r, «?' cos r' ; 

and 

V sin r, v sin /. 

The wmponeni® of the original velocity will not he 
altered in the direction of the common tangent 0 Y, and 
the components in the direction OX of the line joining 
the centres , win he subject to the rules of direct colli- 
sion given in equations ( 42 ). Hence, we find, 


F sin i ® sin r ; 
F' sin i' = sin r ; 



(Jf+Af)Fsint 

tan r- Vcosi + M\i-t e) V cos i' 

, (Jf 4 M') V sin t 

^ ~ (ir - eM) F' cos t" 4- (i + e) Fcos t* 


(46) 


Tliese equations express in terms of known quantities 
the directions of the motion of both bodies after the ob- 
lique shock has taken place. To find the velocities after 
collision, we must add together the squares of the first 
and third, second and fourth of (45) ; from which we 
find, 


sin-i i 4- 


t>'2= r'®sm2i'+ 


I (M— eM')V cos ii- M' (^i + e) V' cost 

^ ^ M+M' j 

/ (M' — eM) V' cos i M (^1 e) V cos i Y 

I M+ lr j ^ 


(47) 


4. Coefficient of Elasticity. — ^It has been assumed 
in the preceding sections of this Chapter, as in other 
treatises on mechanics, that the coefficient of Elasticity, 
which expresses the ratio of the velocity of recoil to 
the 'velocity of approach of two bodies in collision, is 
constant. The following Table of the squares of the 
coefficient of Elasticity ffir different substances, which 
was formed by us from direct experiments, shows that 
this supposition is not correct, and that the coefficient 
of Elasticity diminishes gradually as the velocity of the 
shock increases : — 
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TABLE V. 


Values of the square of the Coefficient of Elasticity. 


Bodies in Collision. 

Velocity of 


Approach. 


Steel on Steel, • • • | 

1 6 ft. per sec. 

24 » 

0.5208 

0.4462 

f 

i6 „ 

0. 2952 

Steel on Iron, and Iron J 

24 „ . 

0. 2685 

on Steel, .... 1 

3 ^ >» 

0. 2588 

1 

40 

0.2245 

r 

16 „ 

0. 1 172 

Steel on Oak, fibres J 

24 n 

0. 1157 

horizontal, . . . j 

32 ,> ' 

0. 1041 

L 

38.4 „ 

0-0933 

Steel on Oak, fibres f 

32 „ 

0.0931 

vertical, , . . . \ 

38 4 » 

0.0887 

r 

16 „ 

0. 1719 

Steel on Teak, fibres J 

24 

0. 1666 

horizontal, . . . ] 

32 „ 

0. 1562 

1 

. 4 ^ » 

0.1379 

Brass on Steel, , . . | 

< 

16 

24 „ 

0. 1380 
0.1134 
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the Direction and Velocity. — 3. Time of Flight 011 a Horizontal 
Plane. — 4. Range on a Horizontal Plane. — ^5. Greatest Vertical 
Height over a Horizontal Plane. — 6. Time of Flight on an Oblique 
Ascending Plane. — 7. Range on an Oblique Ascending Plane. — 
8. Time and Range on an Oblique Descending Plane. — 9. The 
Velocity and Angle of Projection of a Trajectory, two Points in 
which are given 10. Velocity of Discharge. 

I. Motion of a heavy Body projected obliquely. 

— a beaTy body be projected vertically, either up- 
wards or downwards, its path will evidently be a right 
line. If it be projected in an oblique direction, it is a 
matter of expeiience, that its path will be a curved line, 
concave to the horizontal plane. The nature of this path, 
or trcyectoryj as it is generally called, and the general cir- 
cumstances of the motion of Ihe projectile, may he inves- 
tigated as follows : — 

Let OX he a ho- 
rizontal, and OY a 
vertical line drawn 
through 0, the point 
of projection; let 
OT be the direction 
in which the body 
is projected; and 
OPE its path or 
trajectory. If the 
body he projected 
with a velocity T] 
and if we suppose it to move uninfluenced by the force 
of gravity, it will he found at the end of the time t in 
the line OT at a distance OS = Yt, hut as it is drawn 
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downwards by tbe force of gravity during the whole of 
its motion, its actual position P , at tbe end of tbe time 
will be found by measuring SP vertically downwards, 
and eoual to If now we denote by & tbe angle oi 

projection XOT, by aj tbe borizontal distance OQ, and 
by y tbe vertical height PQ, the position of the projec- 
tile at any time t may be expressed by its co-ordinates a: 
and y as follows : — 

X = Vt cos e (4^ ) 


y = a? tan e — 


If t be eliminated from these equations, we obtain the 
following relation between x and y — 


y = a? tan e - 


^ 

2 cos‘^ e 


Let A be tbe height due to tbe velocity F, then 
jr2 ^ 2yA; substituting this value in tbe last equation, 
we obtain — 


y 


= X tan e - 


4A cos^ e 


(49' 


This is the equation of a parabola posing through the 
point of projection, and having its axis perpendicular to 
the horizon. 


2. Sii^resEdon for the Direction and Velocity. — 

If tbe velocity of projection F be resolved parallel and 
perpendicular to tbe horizon, tbe borizontal component 
F cos being at right angles to tbe direction of gravity, 
will be altogether uninfluenced by that force, and wiU, 
therefore, remain constant during the whole time of 
bight; tbe vertical component F sin e, being directly 



sin = F sin ^ ; 

V C 0 & (p - V cos e. 


By dividing one of these eq[iiations by the other, 

tmx^=tan.--^^; (jo) 

by adding their squares together — 

-pr-i _ 2 V^t sin e + 

Since the velocity of projection in the vertical direc- 
tion is F sin e, the space y described in that direction is 
expressed by 

y = I' c sin ^ ^ ; 

multiply this equation by 2 y, and add it to that last ob- 
tained and we have 


17* + 2yy = F * ; 

but since F* = 2 yA, 

v*==2g{h-y), ( 51 ) 

the velocity i7 is, therefore, due to the height A - y,. from 
which we have the following theorem 
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If through a point H 
verttcallg over the point 
of projection, and at a 
distance from it OH equal 

to the height due to the — 

velocity of projection, a 
line he drawn parallel to 
the horizon, the velocity 
at any point of the tra- 
jectory will he equal to 
that acquired hy falling 
from D, the point of the parallel vertically over P. 

3. Time of Flight on 
a Horizontal Plane 

If T be the time of 
flight, it is evident 
that OT = VT and TB 
= but as 0 TB 

IS a right-angled trian- 
gle, TB = OT sin e, and 
therefore 




from which 


VTsine, 
T= ^ 


(P) 


for this equation its value from (52), V© obtai/”° 


JR,= 




Sin e cos e^ 



or, as = ‘igh, and 2 sin <5 cos <3 = sin 2 ( 3 , 

= 2^ sin 2(3. (53) 

As tlie greatest value of sin 2 ^ corresponds to 2<? = 90°, 
it follows — 


That for a given velocity, the maximum range on a ho- 
rizontal jplane corresponds to an elevation of 

From tHs it follows, that for a maximum range 
OR = RT, or 

i2= 16 rs* 

and therefore 

^ “ 4 v^niaximum range, 

from which we have the following rule : — 

The time of flight in seconds corresponding to the maxi- 
mum range is egual to one quarter of the square root of the 
maximum range in feet. ■ 

If the velocity of projection and the horizontal range 
be given, the elevation may be found from the equation 

R 

Sm 26 = —7. 

2h 


But as the sines of supplemental angles are equal, it 
follows that for a given range there are two elevations 
e, e, such that 


or 


26 2^' = 1 80®, 

e d = 90° 


From this it appears — 


That the same point in a horizontal plane passing 
through the point of projection may he reached hy two pro- 
jectiles whose angles of elmation are eomplemental. 
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5. G-reatest Vertical Height over a Horizontal 
Plane. — It is evident that the projectile •will reach its 
greatest vertical height at the middle of its flight; if, 
therefore, we substitute in equation (49) for x, the value 
of half the range, viz., h sin ze, the resulting value of y 
will he the greatest height to which the projectile will 
ascend over the horizontal line — 

Greatest height = h sin^ e. (54) 

EXAMPLES. 

1. To what distance, measured on a horizontal plane, will a shell 
be projected, which is discharged with a velocity of 520 ft. per second, 
and at an elevation of 36°? What is the time of flight ? 

Ans. Range = 8036 feet. 

Time of flight = 19. i seconds. 

2. For the same velocity calculate the maximum range and time 

of flight, Ans. Range = 8450 feet. 

Time of flight = 22.9 seconds. 

3. At a distance of a quarter of a mile from the bottom of a cliff, 

which is 120 feet high, a shot is to be fired which shall just clear the 
cliff, and pass over it horizontally; calculate the angle and velocity 
of projection. Angle of projection = 10° 18'. 

Velocity of projection = 490 ft. per sec. 


6. Time of Flight on an Oblique Ascending Plane. 
-If the plane OK, on 


which the range is mea- 
sured, lie above the hori- 
zontal line OX, making 
with it an angle. KOX = i ; 
let the angle of elevation 
XOT = e, then in the 
oblique-angled triangle 
OET, the angle EOT = 
e-t, and the sides OT, TE, 
and EO are equal to VT, 
T* and Ji respectively; 



from this, and by the rule of sines, we may at once es- 
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tablislij as in tbe former case, tlie relations between tbe 
angle of projection, the Telocity of projection, the range, 
and time of flight : thus, since 

TE : OT ; : sin EOT : sin OET, 

we have 


gT^ 


: VT : ; sin (5 - t) : cos t, 


and therefore 


sin — %) 
g cos i 


(ss) 


7 . Hange on an Oblique Ascending Plane. — ^From 
the same triangle 


cr 


OE : OT : : sin OTE : sin OET, 
R : YT : : cos e : cos i ; 


therefore, 


R=VT 


cos e 
cos 


or, substimtmg for 2^ its value from equation (55), 


i2 = 


2 cos e sin (e — i) 


g cos^ t 

and as F* = ^gh, we obtain 

4^ cos ^ sin (^ - «) 

R = ■ a . • 

co s® % 


(56) 


If in the last equation we substitute for 2 cos e an {e-%) 
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its value, sin (2$ - ^) - sin i, and solve for sin {20 - i), 
we obtain 


, , .. R cos^ t . . 

sin (20 -^) = r — + sin 

^ ^ 2h 


(51) 


Erom tbis equation it follows that tbe greatest range 
on an oblique ascending plane corresponds to an eleva- 
tion e such that 20 - i = go. If this value of e be de- 
noted by e, 

26 = 90 + ^'; 


and therefore, for a given velocity of projection, 

The direction of elevation which corresponds to the 
maximum range on an olligue plane hisects the angle le- 
tween the plane and the vertical line passing through the 
point of projection. 


Erom this it follows that the maximum range OE 
= ET, and therefore that 16 T^ = R, and therefore that 
the rule for finding the time of flight given in page 165 
is also true for the maximum range measured on oblique 
planes. 

If the velocity of projection and the range be given, 
the elevation may be found from equation (57) ,* but as 
the sines of supplemental angles are equal, it follows 
that for each range there are two elevations e and a', 
such that 


or 


20 - i + 2d -i - 180, 
e -v d - go -{■ i - 2^\ 


from which it appears. 


That the same point on an ohligue plane passing through 
the point of projection may he reached hy two projectiles 
whose lines of elevation make equal angles on each side of 
the line of elevation corresponding to the maximum range. 
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8. Time and Range on an ObHque Descending 
Plane. — If tlie plane 
OH on which the 
range is taken fall 
lelow the horizontal 
line OX, making 
with it an angle i, 
the expressions for 
the time of flight 
and the range may- 
be similarly ob- 
tained; they are as 
follows : — 



T 


S 


X 


rji sin ((9 + 4') 


g cos i 

00 

^ ^ cos ^ sin + i) 

E - 4A --h 1. 

COS^ 1 

(S 9 ) 


Substituting in this for 2 cos ^ sin {e i) its Talue 
sin (2^ t i) + sin we obtain 


. , ^ It cos - 1 . . 

sin {ze 4 - «) = sm t, 

zh 


If € be the elevation corresponding to the maximum 
range, 


26 = 90 - % 


and if e and e' he the two elevations which correspond 
to the same range, 


e + e' = 90 - « = 26. 


It is evident, therefore, that the theorems which have 
been established in the last article apply also to the case 
of oblique descending planes. 
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EXAMPLES. 

1. A Lall is fired up a hill whose inclination is 15“; the inclination 
of the piece is 45®, and the velocity of projection 500 feet per second ; 
calculate the time of flight before it strikes the hill, and the distance 
of the place where it falls from the point of projection. 

Ans. R= 1. 12 1 miles. 

T= 16,1*] seconds. 

2. On a descending plane, whose inclination is 12®, a ball fired from 
the top hits the plane at a distance of two miles and a half ; the ele- 
vation of the piece is 42® ; calculate the velocity of projection. 

Ans. V = 579.74 ft. per sec. 

3. A ball is fired down a descending plane, whose fall is 10°; the 

range is found to be one mile, and the time of flight 20 seconds ; cal- 
culate the declination. Ans. 46“ 28'. 

4. Calculate the maximum range and time of flight on a descend- 
ing plane, the declination of whi^ is 15®, the velocity of projection 
being 1000 ft. per sec. Ajns. Maximum range = 7.98 miles. 

Time of flight =51.34 seconds. 

5. With what velocity does the hall strike the plane in the last 

question? Ans. Velocity = 1303 feet 


9. The Velocity and Angle of Projection of a Tra- 
jectory, two Points 
in which are given. 

— If P and P be two 
points on the trajec- 
tory, the velocity and 
angle of projection 
may be inv^tigated 
as foUows: — ^Let OQ 
and QP, the co-ordi- 
nates of P, he denoted 
by p and q ; OQ' and 
ftp' tile co-ordinates 
of F, by y and q' ; then, since P and P are points on 
the trajectory, it follows from equation (49), if ^ he the 
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angle orelevation and h the height due to the velocity 
of projection, that 


q tan e - 




4A cos^ e 


and 


g'' =^' tan e - 




j\.lh cos® e 


Eliminating % from these equations by cross multiplica- 
tion, -we obtain for the elevation 


tan e 


qpf'i — 


(60) 


pp'{f-p)‘ 

Solving for h from the first equation, -we obtam 

^ sec® e 

4 {p tan e ^ q)* 

from which the velocity of projection may be calculated. 


(61) 


10. Velocity of Discharge The velocity with 

which a ball or shell is fired from the mouth of a gun 
must depend (the quality of the powder being supposed 
uniform), on the weight of the ball, the quantity of 
powder, and the length of the piece. If the latter he 
assumed to have but little influence, we may sup- 
pose that the velocity of discharge depends only on 
the weight of the ball and the weight of the charge. 
The formula by which it is expressed is derived partly 
from, theoretical considerations, and partly from experi- 
ment. If we suppose that the powder explodes just in 
proportion as the ball advances in the bore of the gun, it 
is evid^ent that it will b^ pressed forwards by a consist 
force ; and, therefore, that its velocity will be uniforinly 
accelerated until it reaches the mouth. Let represent 
this constant force, m the mass of the ball, and / the 
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velocity produced in one second, we have, by equa- 
tion ( 2 ), 


/=- 

m 


If Fhe the velocity at the mouth, and I the length of 
the piece, we have, by equation (ii), 




m 


I7ow m is proportional to the weight of the ball W, 
and F may be assumed to be in proportion to the weight 
of the powder P; h:om this it follows that 



in which equation Z; is a constant coefficient, which may 
be determined experimentally. As the result of nume- 
rous experiments conducted on 'Woolwich Warren by 
Dr. Hutton, the following formula may be assumed as a 
correct expression for the velocity of balls and shells ex- 
pressed in feet per second, iired with moderate charges 
of powder, from the pieces of ordnance commonly used 
for military purposes, — 

1600 (6a) 


EXAJMPIES. 

1. The weight of a 13 -inch shell is 196 lbs., and the charge of 
powder 9 lbs. ; calculate the velocity of discharge. 

Ans. 594 ft. per sec. 

2. An 8-inch shell weighs 48 lbs., and is fired with 2 lbs. of pow- 
der ; find the velocity of discharge. Ans, 565 ft. per sec. 

3. A 321b. shot is fired with a charge of 6 lbs. of powder; find the 

velocity of discharge. Ans. 1200 ft. per sec. 



1. A string ACDB, of which the extremities A B are fixed, sup- 
ports tlie weights P and Q, suspended ^ 

at knots C and D ; if AC, BD be pro* 's. ;g 

duced to meet the directions of the 
weights in c respectively; show that 

P : Q : : Dd : Cc, d 

2. Also, prove that the strains on the ^ ^ 

fixed points A and B, are proportional, 

on the same scale, to the lines Cd and 

Dc. \f 


3. A string XABCDY, of which the extremities X and Y are 
fixed, has weights P, Q, R, S, attached at the points A, B, C, D. 

This system forms what is called a Funicular Polygon ; prove that 
if Ti, P2, Ts, Yj, T5, denote the tensions of the several strings which 
form the sides of the Y 

polygon, they are pro- / 

portional to the secants 
ofthe angles made with 
the horizon by each 

side; and that thC' To 

weights P, 0 , P, are B 

proportional to 

cot a + cot a!x 
cot /3 + cot /S' : 

cot y + cot y j ^ S 

cot B 4* cot Y 


Proof. Draw any vertical line, and assume any point 0 , and 
draw OTi, OT2, &c., parallel to the sides of the polygon, to meet the 
assumed vertical line. 



Since the point A is held in equilibrium by 
the tensions T], T2, and the weight P, and the 
point B is held in equilibrium by the tensions 
T2, Ts, and the weight Q, and so on; it follows 
that the sides of the triangles having their ver- 
tices at 0, and their bases on the vertical line, re- 
present the equilibrating forces; the sides Ti, T2, 
&c., representing the tensions, and the bases P, 

Q, R, &c., representing the weights; but it iso 
evident that the sides are the secants of the angles 
made with the horizontal line, and the bases are 
proportional to the sums of the cotangents of tlie 
base angles, which are «, a', / 3 , / 3 ', &c., in each 
triangle. 



S 

R 

Q 

P 


4. A sphere, whoseweightisW, rests on two inclined planes, whose 
inclinations are i and i' ; find the pressure on each plane. 


Ans. The pressure on plane (i) = 


ITsin i' 
sin {i + i')* 


The pressure on plane (i') 


W sin i 
sin (i + i')* 


5. Find the position of equilibrium of a beam in a hemispherical 
bowl, when part of the beam projects beyond the rim of the bowl. 

Let m and n denote the segments of the beam, made by the centre 
of gravity within the bowl ; 0, the angle made by the beam with 
the horizon ; P, the reaction of the rim of the bowl ; Q, the reaction 
of the bottom of the bowl ; the angle made by Q with the hori- 
zon ; fl?, the diameter of the sphere, and W, the weight of the beam. 

The equations, -by means of which this problem is solved are — 


Mechanical — 


(I) p= r- 


COS 0, 


( 2 ) Q = s/p^ -2PWQ0i9+ W* 

. V ^ ^ P sin 0 

(3) Cot 0 = 


Geometrical — 


IF — P cos O' 


(4) 0 = 2$, 

( 5 ) m -i- n = d cos 0. 

From these equations we find — 

m + m2 -f 

.^5 


Ans. Cos 0 = 
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6. A trap door turning on a hinge is supported by a weight P at- 
tached to a string passing over a pulley placed at the other side of 
the door in the same horizontal plane; find its position of equili- 
brium. 

Let W be the weight and I the length of the door, and let 9 be the 
angle made by it with the horizon. 


Ans. 


P^W 


cos 9 
2 cos ^ 9 ' 


7. If a beam rest on two inclined planes whose inclinations are 
t, i' respectively; find the pressure on each plane, and the angle made 
by the beam with the horizon when in equilibrium. 

Since the reactions of the planes at the extremities of the beam are 
perpendicular to the planes, and must meet on the vertical drawn 
through the centre of gravity of the beam ; we find 


Ans, P = 


W sm i" 
sin (i + i') 


P' = 


tan 9 == 


W sin i 
sin (i + 1')* 
sin {%' — i) 


2 sm i sin i 


S. A roof ACB is wholly composed of beams forming isosceles tri- 
angles of which AB is the base; find the horizontal thrust on the side 
walls. 

If W be the weight of the roof, and 0 the angle which it makes 
with the horizon, it is easy to see, by means of Example (36), that 

Ans, The Horizontal Thrust = cot <p. 

9. If a ball fall from a height of 100 ft., and rebound to a height 
of 70, ft., what is the coefficient of elasticity? Ans. e = 0.836. 

10. A ball falling from a height of 100 ft. hops four times on the 

surface of a body, with which its common coefficient of elasticity is 
find the height of tiie fourth hop. Ans, 0.39 ft. 

1 r. A goods train of 200 tons, moving at 20 miles per hour, meets 
in a tunnel, on a single line of rails, a passenger train of 50 tons, mov- 
ing at the rate of 40 miles per hour. If the elasticity of the en^nes 
shocking against each other be represented by find the motion of 
?ach train after the shock Ans. u = 5 miles per hour. 



176 


MECHANICAI. arSEfTASTOM:. 


Or, the goods train will continue its course at the diminished speed of 
5 miles per hour, and the passenger train will have its entire motion 
destroyed, and be forced back at the rate of 20 miles per hour. 

12. An imperfectly elastic sphere, whose coefficient of elasticity is 
e = tan 30°, impinges upon a plane in such a manner that its velocity 
after impact is to its velocity before impact as sin 45° to radius. Find 
the ^gles of incidence and reflexion. Ans. i = 30°. 

r = 45^ 


13. Four balls, A, B, C, D, of perfect elasticity, are placed in a 
straight line. Find the ratio of their masses, so that the quantity 
of motion in A may he equally divided among the four balls after the 
shock. Ans. A:B;C:D = io;6;3:I. 


14. A perfectly elastic sphere impinges upon an equal sphere at rest, 

so that the line joining their centres at the impact makes an angle of 
45° with the line of approach of the first sphere j find the angle be- 
between their paths after the shock. Ans. 90®. 

15. Two spheres M and 2M, whose coefficient of elasticity is f , move 
with velocities 2 V and F respectively, and the direction of each motion 
makes an angle of 30° with the common tangent at the point of im- 
pact. Find the directions and velocities of both spheres after the 
shock. 

Ans. The angles made with the common tangent are 
equal, and each 21“ 3’ 6". 

The velocity of M = 2Fx 0.928. 

The velocity of 2M = Vx 0.928. 


16. Two perfectly elastic spheres, M and M', meet directly with equal 

velocities ; find the relation between their masses, so that, after col- 
lision, one of them may remain at rest. Ans. M = 3M', 

or, M' = 3M. 

17. A weight P, after falling freely through A feet, begins to pull 
up a heavier body Q, by means of a cord passing over a pulley, as 
in Atwood’s machine. Find the height through which it will lift it. 


Ans. 


FVi 

Q2^P2* 


18. If a 13-inch shell be fired with a charge of 9 lbs., what is the 
maximum horizontal range and time of flight ? 

Ans. Range = 3675 yards. 
Time = 26- seconds. 



Tan.= 

X 

By means of this expression, and the value oih— 11250, found by 
equation (62) we obtain Ans. Elevation = 8° 42'. 

or = 84“ 54’. 

21. A projectile is dischargedin a horizontal direction, with a velo- 
city of 450 ft. per sec., from the summit of a conical hill, the verti- 
cal angle of which is 120®; at what distance down the side of the 
hill will the projectile fall, and what will be the time of flight? 

Ans. Distance = 2812.5 yards. 

Time of flight = 16.23 seconds. 

22. A gun is placed at a distance of 500 feet from the base of a cliff 
which is 200 feet high ; on the edge of the cliflf there is built the wall 
of a castle 60 feet high ; fl,nd the elevation of the gun, and the velo- 
city of discharge, in order that the ball may graze the top of the cas- 
tle wall, and fall 120 feet inside it. 

Ans. Elevation = 53° 19'. 

Velocity =165 ft. per sec. 

23. A ball 13 lbs. weight is fired from a gun on the summit of a 

mountain, with a charge of oz. of powder, so as just to strike the 
bottom of the mountain with double the velocity of projection ; find 
the height of the mountain. Ans. 2. 1 1 miles. 

24. A piece of ordnance, lately under proof at Woolwich, burst 
when 50 yards from a wall 14 feet high, and a fragment of it, origi- 
nally in contact with the ground, after grazing the w'all, fell 6 feet 
beyond it on the opposite side. Find how high it rose in the air. 

Ans. 94 ft. 


25. Two projectiles, fired with velocities due to the heights Ai, 
at elevations ci, C2i strike the same point on the side of the hill on 
which the gun is placed ; find the slope of the hill. 


Ans. Tan i = 


hi%m 261 — ^2 sin 2^2 
hi cos2 Cl — ^2 cos* e-/ 
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26. A moveable wedge, whose inclination is i, is forced by a pres- 
sure P applied horizontally, under a weight between which and 
the wedge the friction is /z, while there is no friction between the 
wedge and the horizontal plane on which it rests. Find the relation 
between W andP, in terms of ^ = Tan"^ [jl, and i. 

Ans, W — JP c.ot (0 + t). 


2,7. A stone is projected vertically downwards with a velocity v, 
and in n seconds after its projection, a second stone is projected 
downwards with a velocity v ; find when the two stones will meet. 


Ans. t = 


~ nff') 


2(v' — V — mg')' 

28. In the preceding example, find what the velocity of projection 
of the second stone should be, in order that it should never meet the 
first. 


Ans. v' = V 4* ng. 


29. A stone is projected vertically downwards as before, and a 
second stone projected after it ; it is granted that u < v + ng^ from 
which it follows that the second stone will never overtake the first ; 
yet we may obtain positive values of ^ < n, and negative values. 
Determine the limits of these values, and explain the answers so 
found. 

^9 

Ans. In order that t should be positive 

„ „ zero ~ 

„ „ negative t> > — 

2 


And in all these cases, the second stone projected upwards with 
a certain velocity, from the place occupied by the first stone at the 
time will be found to pass through the origin, downward, with the 
velocity v\ in n seconds after the departure of the first stone. 

30. A stone is projected vertically downwards with a velocity 

of 50 ft. per sec., and a second stone is projected after it at aji inter- 
val of ro seconds, with a velocity of 100 ft. per second. When will 
it overtake the first stone? Ans. 2.22 sec. 

Interpret this answei . 

31. If the magnitudes of four concurrent parallel forces be 8, 12, 
15, 25 lbs. respectively, and the distances of their points of application 
from a given plane be 5, 10, 8, and 6 ft. ; find the distance of the 
point of application of their resultant from the same plane. 

Ans. 7jft. 



I>y = xiie weigut oi tue lauuer. 

M 

Ans. P =W cos 9 

m -h n 

Q = ypi - zPfT cos 0 + 

Psia 9 

0 = pcos 0* 

33. Let t!ie wall be '20 ft. high; m^'js ft., » = 25 ft., and 

W= 140 lbs. P = 102.8 lb. 

Q= 44.37 lb. 

^ = 62“ 22' 

34. In example (32); prove that 

r,. r ^ cot 0 

Sin (0 - 0 ) = — 7 —^^ — v^.. :■■ 

y^(m + n)2 + w2 cot20' 

35. A beam, whose centre of gravity divides it in the ratio of m 
to «, rests on two planes, whose inclinations are a and (3 ; find the 
angle 0, which it makes with the ground in its position of equili- 

Ans. Cot e = 

m cot a — » cot p 

36. If a ladder rests against a wall, and be supported by a peg 
fastened in the ground at its foot ; find the conditions of equilibrium. 

Using the same letters as in example (32), we find : 


Ans. P W ~ 


-cot 0 


m 4 - n 

Q= v/P2+ Wt 

P m cot 9 

Cot 0 = ■== = ■ 

m + » 

37. Let sin 0 = ^, m = 75 ft, n = 25 ft., fT = 140 lbs. 

Ans. P= 5i4.5lbs. 

Q = 53i lbs. 
0= 15“ 13'* 

38. A beam, divided at its centre of gravity into segments, m and 
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n, lies completely inside a hemispherical bowl, find its position of 
equilibrium. 

Let d denote the diameter of the bowl, and a, the angles at its 
centre subtended by m and ». 


A ns. 


Sin 


2m Id- — (m + n)2 
d 'S d- — 4 mn 




d~ — (m -t- n)^ 
— 4. mn 


39. A beam, whose segments, made by the centre of gravity, are 
75 ft. and 25 ft., lies on two inclined planes, wliose inclinations are 
20® and 40®; and the weight of the beam is 140 lbs. Find its in- 
clination to the horizon, wiien in equilibrium, and its pressures on the 
planes. 

Let P and Q be the pressures on the planes, 20“ and 40®, and 0 
the angle required. Ans. P = 103.9 

Q= 55.29lbs. 
6 ~ 60^25'. 

KB. — This inclination is not possible explain the meaning of 
the answer. 


40. If forces P, Q, R be applied to the angles of a triangle ABC, 
and R bisect the angle C, w'hile the forces P, Q, make equal angles 
with the base AB. If these forces be in equilibrium, prove that they 
are proportional to the sides opposite to which they act. 

. 41. A beam is suspended at each extremity by cords passing over 
two pulleys placed in a horizontal line, by means of weights P, Q, 
attached to the other ends of the cords ; find the angle which it makes 
with the liorizon. 

Let W denote the weight of the beam ; wi, w, its segments made 
by the centre of gravity ; a, the angles made by the cords with the 
vertical. 

_ m + n. 

Ans. Tan 6 = — . 

m cot a - n. cot p 


42. Find the conditions of equilibrium of a beam lying against a 
wall, including friction. 

Let m, n, be the segments of the beam, made by the centre of 
gravity ; 

fh /2, the coefiScients of friction against the ground, and against 
the wall ; 

0, the angle made by the beam with the ground. 


Ans. 


Tan 0 = 


^ - ”/l/2 
(m -j- wy^' 
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43. Two nniform beams, a and 5 , lie in a hemispherical bowl, 
supposed quite smooth ; find their position of equilibrium. 

Let (p denote the angle made by the radius drawn to the junction 
of a and 6, with the vertical, and d the diameter of the sphere. 


Ans. Tan ^ = 


- - &2 
a 4. h 


44. If W^^be the weight of an empty omnibus, and H the height 
of its centre of gravity ; S' the height of the roof ; W' the greatest 
weight that may be placed upon the roof, so that it shall not upset 
when tilted through an angle 0 ; and zB the distance between the 
wheels; find W". 

. rrr. B - H TSiH 6 

Ans. = W -r- ’" 

H isiViB — JB 


45, If /i be the coefficient of traction on a railroad : n, n', the 
ratios of the weights which a horse can draw on the railroad and on a 
turnpike road, horizontal, and %vith an inclination i, respectively ; 
find the value of fi. 

^ n' — I rp 

Ans. u = Ian t. 

n —n 


46. A hollow cylinder, placed with its axis vertical, is made to 
revolve about it with such a velocity that a heavy body placed against 
its inner vertical surface may just remain suspended there. Given 
the radius of tiie cylinder (r), and its coefficient of friction (ju) ; find 
its angular velocity. 

Ans. Angular velocity = 


47. Two beams, connected together at a given angle 0, turn about 
a horizontal axis, at their point of junction ; find the position of 
equilibrium which they will take by their own weight. 

Let m, M, be the lengths of the arms, and x the angle which m 
makes with the horizon. 


Ans, Tan x = 


m2 + n® cos 0 
n- sin 0 


48. The edge of a square, whose side is 2 ft., coincides with the 
foot of a plane inclined 15* to the horizon ; how high may a rectangle 
be constructed upon this base without toppling over ? 

Ans. 7.464 ft. 

49. It is required to find the position of the rails on a railway curve, 
so that the pressure of a carriage passing along the curve at a given 
speed may be perpendicular to the straight line drawn at right angles 
to both rails. 
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Let 0 be the angle made by this line with the horizon, and r 
radius of the curve. ^ ^ 

Ans. T*a 0 = 


50. rind the limiting positions of equilibrium of a beam resting on 
two inclined planes, including friction. 

Let a, / 3 , be the inclinations of the planes ; 

?n, n, the segments of the beam made by its centre of gravity ; 
0, the angle of friction ; 

Bj the angle made by the beam with the horizon . 




Tan 9 = 


m cot (a + 0) - « cot ({3 + 0 )^ 


\ n 



